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Biography

Prof. Dr. Dr.h.c. David W. K. Yeung is Director of SRS Consortium for Advanced Study in
Cooperative Dynamic Games at Shue Yan University and Co-director of Centre of Game Theory
at Saint Petersburg State University, Distinguished Adjunct Professor of Asia University, He is
also Distinguished Honorary Professor of Qingdao University - an honor he received along with
Nobel laureates John Nash, Reinhard Selten, Robert Aumann and Lloyd Shapley. The SRS
Consortium for Advanced Study in Dynamic Cooperative Games is a joint research initiative under
the auspices of Saint Petersburg State University, Russian Academy of Sciences and Shue Yan
University. He has held Faculty positions at Queen’s University, University of Hong Kong and
National University of Singapore.

Yeung obtained his BSocSc in economics and statistics from University of Hong Kong and
his PhD in mathematical economics from York University. He studied in the Doctor of Sciences
(Doktor Nauk — Continental European higher doctorate above PhD) program in applied mathematics
at Saint Petersburg State University and was awarded the University’s highest degree of Dr.h.c. for
his outstanding contributions in differential games. The Doktor Nauk program requires an average
of 15 years to complete and the development of a new scientific field (in contrast with the PhD
program which requires the development of a new topic).

Yeung’s main areas of research are game theory, optimization and stochastic processes. He
serves as Managing Editor of International Game Theory Review; Guest Editor of Annals of
Operations Research, Journal of the Operations Research Society of China, and Computational
and Applied Mathematics; Associate Editor of Dynamic Games & Applications, Associate Editor
of Operations Research Letters, Editor of the Routledge (Taylor & Francis) Series on Economics
and Optimization, and Board of Editors of Mathematical Game Theory & Applications. Yeung has
published extensively in world renowned science journals, in particular, Automatica, Journal of
Optimization Theory and Applications, Annals of Operations Research, European Journal of
Operational Research, International Game Theory Review and Mathematical Biosciences.

Among Yeung’s ground-breaking academic work include (i) the origination of the notion of
subgame consistency and a generalized theorem for the derivation of analytically tractable subgame
consistent solutions which made possible the rigorous study of dynamic stochastic cooperation; and
(if) a new paradigm of games -- ‘durable-strategies dynamic games’ which provides a new
perspective approach with a new class of strategies in dynamic game theory. The addition of
durable strategies in the strategies set of dynamic games does not only make game theory
applications possible for analysis of real-life problems with durable strategies but also establish
a new theoretical framework with novel optimization theory.



Other pioneering academic work accredited to Yeung include — random horizon subgame
consistent cooperative solution, randomly furcating differential games, Yeung’s Condition on
irrational behaviour proof, stochastic differential games with overlapping generations of uncertain
types of players, dynamically consistent solution for cooperative games with asynchronous players’
horizons, solution theorem for feedback Nash equilibria in endogenous horizons differential games,
Yeung’s Lemma which demonstrates the correspondence of degenerate and non-degenerate FNE,
the Yeung Number which identifies the number of embedded coalitions, discrete-time random-
horizon Bellman equation and HJB equations, stochastic dynamic Slutsky equations, inter-temporal
Roy’s identities, the Lotka-Volterra-Yeung density function and dynamic Nash bargaining.

In management sciences, Yeung’s pioneering work include subgame consistent schemes for
global pollution management, dynamic games in management science with interest rate uncertainty,
analysis on institutional investor speculation in stochastic differential games framework, time-
consistent corporate joint ventures and subgame consistent cooperative solution mechanism for
randomly furcating stochastic differential games to handle complex uncertainties in business
syndicates. In economics, Yeung extended the Saint Petersburg tradition led by Leonid
Kantorovich’s Nobel Prize winning work in optimal resource allocation to multiple-agent subgame
consistent economic optimization.

Yeung and Leon Petrosyan co-authored the world’s first book on Cooperative Stochastic
Differential Games. In the book’s advanced praise George Leitmann (Berkeley) stated that this book
will be the ‘bible’ of the field for years to come. Vladimir Mazalov (Russian Academy of Sciences)
praised the book’s advancements in dynamic stability as a continuation of the great tradition of A.
Lyapunov, L. S. Pontryagin and V. Zubov.

Yeung and Petrosyan co-authored the world’s first treatise on Subgame Consistent Economic
Optimization. Vladimir Mazalov praised the text as a Russian classic in mathematics and economics
and it expanded L.V. Kantorovich’s award-winning work in economic optimization significantly in
the new directions of game-theoretic interaction, dynamic evolution, stochasticity and subgame
consistency.

Yeung also authored a premier treatise on dynamic consumer theory with stochastic dynamic
Slutsky equations. This book is the world’s first text on consumer theory in a stochastic dynamic
framework. It expands the static consumer theory into stochastic dynamic consumer theory.
Prominent highlights of the book include a series of stochastic dynamic Slutsky equations and inter-
temporal Roy’s identity. “The stochastic dynamic Slutsky equations in this book formed a new
milestone in consumer theory after the classic work of Slutsky.” (Vladimir Mazalov, Russian
Academy of Sciences)

Yeung and Leon Petrosyan co-authored the world’s first book on Subgame Consistent
Cooperation, which is a comprehensive treatise on the concepts and solution mechanisms of their
pioneering work on cooperative subgame consistency. In the book’s back-cover praise Vladimir
Mazalov stated, “The 2004 Nobel Economics Prize was given to works in economic policies under
the concept of time consistency with mathematical construction less general, rigorous and precise
than that later developed in this book. .... In terms of advancement in practical applications this
book is highly important theoretically and technically on top of economic interpretation.”

Yeung and Leon Petrosyan also co-authored another world’s first text on Dynamic Shapley
Value and Dynamic Nash Bargaining. Vladimir Turetsky stated, “the contribution of the book is the
dynamic extension of two milestone results in Cooperative Games, the bargaining solution of Nash
and the value of Shapley. Real-life processes in economics, biology, social life, etc. are inherently



dynamic,....... . Therefore, | believe that mathematical results presented in the book will have a long
echo in various applications in different and unexpected fields. ”

Yeung and Leon Petrosyan developed a novel dynamic game theory paradigm — “Durable-
strategies Dynamic Games”. It yields a new system of dynamic games in which the players’
strategies involve durable controls. In addition, a new dynamic optimization technique is also
established. This paradigm fills a significant gap in conventional dynamic game theory. The
establishment of durable-strategies dynamic games provides an augmentation of dynamic game
theory with durable strategies in decision-making schemes. Praises for the book from eminent
dynamic game theorists stated that:

"Not too many new concepts have been introduced in dynamic games since their inception. The
introduction of the concept of durable strategies changes this trend and yields important
contributions to environmental and business applications.” -- Dusan M Stipanovic.

"Before this book, the field simply did not realize that most of our strategies are durable and entail
profound effects in the future. Putting them into the mathematical framework of dynamic games is
a great innovative effort." -- Vladimir Turetsky.

“Durable-strategies Dynamic Games is truly a world-leading addition to the field of dynamic
games. It is a much needed publication to tackle increasingly crucial problems under the reality of
durable strategies.” -- Vladimir Mazalov.

Yeung and Leon Petrosyan co-authored the world’s first text on A General Mathematical
Theory of the Dynamic Global Political Economy’. Vladimir Mazalov praised the book as “The
book ‘A General Mathematical Theory of the Dynamic Global Political Economy’ is a continuation
of Leonid Kantorovich’s award-winning contributions to economics with original mathematical
theory developed by St Petersburg University mathematicians and a succession of William Jevons’
ground-breaking work in economics study in his ‘A General Mathematical Theory of Political
Economy ”.
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PROFESSIONAL APPOINTMENTS
Distinguished Guest Professor, Qingdao University
Distinguished Honorary Professor, Qingdao University
Managing Editor of International Game Theory Review
Guest Editor — Annals of Operations Research
Guest Editor — Annals of the International Society of Dynamic Games
Associate Editor of Dynamic Games and Applications
Associate Editor of Operations Research Letters
Series Editor of Routledge Series on Economics and Optimization
Editorial Member — Mathematical Game Theory and Applications
Editorial Member — Saint Petersburg Vijestnik of Applied Mathematics, Informatics, Control

Executive Committee — International Society of Dynamic Games



Mathematical Reviews’ Reviewer — American Mathematical Society
Professorial Associate — Victoria University
Advisory Board Member — Institute of Advanced Management Development, HKMA

Vice President and Founding Professorial Fellow - World Institute of Sustainable

Development Planners

Honorary Director - Centre for Corporate Management, HKMA
Senior MIEEE - Institute of Electronic and Electrical Engineering

Fellow of the Royal Statistical Society

Founding Advisor, International Society of Dynamic Games - China Chapter
Guest Editor — Journal of the Operations Research Society of China

Vice President and Founding Member --

World Institute of Sustainable Development Planners (WISDP)

ADDRESS

Department of Business Administration

Hong Kong Shue Yan University

Braemar Hill Road, North Point, Hong Kong

FAX: (852) 28068044, TEL: (852) 28065150, (852) 98624102

E-mail: dwkyeung@hksyu.edu
and

Centre for Game Theory, Faculty of Applied Mathematics & Control Processes

Saint Petersburg State University

FAX/TEL: (7) 812 350 5067 E-mail: spbuoasis7@peterlink.ru

WORKING EXPERIENCE

Jan. 2010-

Feb. 2000 -

Apr. 2024 -

Aug. 2019 -

Sept. 2018-

Jan. 2010 — Dec. 2021
Sep. 2020 — Dec. 2021
Jan. 2010-Aug. 2020
Jan. 2022 -

July 2006 — Jan. 2010

June 2004 — Dec. 2020

Jan. 1999 —June 2006

Feb. 2000 — Jan. 2010

Director of SRS Consortium for Advanced Study in
Cooperative Dynamic Games, Shue Yan University
Co-Director, Centre for Game Theory
Faculty of Applied Mathematics and Control Processes
Saint Petersburg State University
Dissertation Council Member
Faculty of Applied Mathematics and Control Processes
Saint Petersburg State University
Distinguished Adjunct Professor, Asia University
Professorial Associate, Victoria University
Distinguished Research Professor, Shue Yan University
Head of Department of Economics and Finance, SYU
Head of Department of Business Administration, SYU
Distinguished Research Professor Emeritus, SYU
Chair Professor in Game Theory
Department of Finance and Decision Sciences
Hong Kong Baptist University
Kantorovich Research Chair in Stochastic Differential Games
Faculty of Applied Mathematics and Control Processes
Saint Petersburg State University
Professor, Department of Finance and Decision Sciences
Hong Kong Baptist University
Director, Centre of Game Theory
Hong Kong Baptist University



May - Jun 2000; May-Jul
2001; Mar, Apr 2002

July 1999 —Dec. 2000

Dec. 2001 -

Aug. 2002 -

April 2006-

April 2006-

Feb. 2008-

Jan. 2002 —Dec 2005

Sept. 1997 — Aug. 1999

Jan. 1996 — Aug. 1997

Sept. 1989 — Dec. 1995

July 1987 — Sept. 1989
July 1986 — June 1987

July 1984 - June 1986

Acting Head, Department of Finance and Decision Sciences

Hong Kong Baptist University

Court Member — Hong Kong Baptist University

Distinguished Guest Professor, Qingdao University

Distinguished Honorary Professor, Qingdao University

Honorary Research Fellow — Center of Urban Planning &
Environmental Management, the University of Hong Kong

Research Associate — Center of Strategic Economic Study,
Victoria University, Australia

Honorary Fellow — Center for Suicide Research and Prevention,
The University of Hong Kong

Honorary Professor, Faculty of Social Sciences,
The University of Hong Kong

Associate Professor

School of Economics and Finance

The University of Hong Kong

Senior Lecturer, Department of Economics and Statistics

The National University of Singapore

Lecturer, School of Economics and Finance

Fellow, Centre of Urban Planning & Environment Management

The University of Hong Kong

Associate Professor, Department of Economics

University of Windsor

Lecturer, Department of Economics

York University, Department of Economics

Visiting Assistant Professor, Department of Economics

Queen's University

EDUCATION AND DEGREES

B.Soc.Sc. (Economics & Statistics) University of Hong Kong

M.A. (Economics) York University

Ph.D. (Economics) York University

Supervisors: Charles Plourde, John Buttrick, Stanley Warner

Dr.h.c. (Applied Mathematics) Saint Petersburg University
Studied in the Doktor Nauk Program (Applied Mathematics - higher doctorate above PhD)
at Saint Petersburg State University and was awarded the highest degree Dr.h.c.
Supervisor: Leon Petrosyan

SCHOLARSHIPS

1983-1984  Doctoral Fellowship

Social Sciences and Humanities Research Council of Canada
1982-1983  Doctoral Fellowship

Social Sciences and Humanities Research Council of Canada
1981-1982  York Graduate Scholarship
1973 Grantham Scholarship
Scholarships awarded but not taken up due to concurrent holding of other fellowships/scholarships
1982 Doctoral Scholarship

Canada Mortgage and Housing Corporation
1982 Ontario Graduate Scholarship



1981 Queen’s Doctoral Scholarship

HONORS AND AWARDS

Saint Petersburg State University’s highest degree, Dr.h.c., for outstanding contributions in
differential game theory (while studying D.Sc. (Doktor Nauk) in Applied Mathematics)

Distinguished Honorary Professor, Qingdao University — appointed along with Nobel
Laureates John Nash, Reinhard Selten, Robert Aumann and Lloyd Shapley.

Plenary Speaker at the International Congress of Mathematicians ICM 2002 historic first
Satellite Conference on Game Theory and Applications — other plenary speakers included
Nobel Laureates John Nash, Reinhard Selten, Robert Aumann and Lloyd Shapley.

Kantorovich Research Chair in Stochastic Differential Games, Saint Petersburg State
University — for signal research contributions in stochastic differential games.

Invited Nominator for the Nobel Memorial Prize in Economic Sciences.

Plenary Speaker -- International Congress of Mathematicians.

Top 0.5% of all Scholars World-wide (by ScholarGPS).

FIELDS OF SPECIALIZATION AND RESEARCH INTERESTS:

Game Theory, Operations Research, Stochastic Processes, Stochastic Control, Probability
Theory, Financial Engineering and Modelling, Mathematical Economics, Microeconomics,
Resource Economics, Environmental Economics, Economics of E-Commerce.

PROFESSIONAL QUALIFICATION
FAIBA — Fellow of Accredited Institute of Business Administrants
CSDP - Certified Sustainable Development Planner

PROFESSIONAL AND ACADEMIC ACTIVITIES
Academic Journal Editorship

Managing Editor - International Game Theory Review

Guest Editor - Annals of Operations Research

Guest Editor - Annals of the International Society of Dynamic Games
Guest Editor - Journal of the Operations Research Society of China
Guest Editor - Journal of Computational and Applied Mathematics
Associate Editor - Dynamic Games and Applications

Associate Editor- Operations Research Letters

Series Editor- Routledge Series on Economics and Optimization
Editorial Board Member - Mathematical Game Theory and Applications
Commissioned Reviewer - Mathematical Reviews (American Mathematical Society)
Editorial Board Member - Vestnik of Saint Petersburg University: Applied Mathematics,

Computer Science, Control Processes
Books and Edited Volumes Referee — Birkhauser, Prentice Hall, John-Wiley, Springer-
Verlag, Kluwer Science Publishers, World Scientific Publishers

Journals Referee -  American Economic Review

Automatica

American Journal of Agricultural Economics

Annals of Operations Research

Annals of the International Society on Dynamic Games

Canadian Journal of Economics

Corporate Governance

Discrete Dynamics in Nature and Society

Dynamic Games and Applications



European Journal of Operational Research

Hong Kong Economic Papers

IEEE Transactions on Automatic Control
International Game Theory Review

Journal of Computational and Applied Mathematics
Journal of Economic Dynamics and Control
Journal of Environmental Economics and Management
Journal of Mathematical Analysis and Applications
Journal of Mathematical Economics

Journal of Optimization Theory and Applications
Journal of the Royal Society Interface

Marketing Science

Mathematical Methods of Operations Research
Natural Resource Modeling

Omega

Operations Research Letters

Optimal Control, Method and Applications
Optimization Letters

Physica A

Quarterly Journal of Economics

Singapore Economic Review

Other Professional and Academic Activities

Founding Advisor -

Executive Committee-

Honorary Adviser -

International Society of Dynamic Games —China Chapter
International Society of Dynamic Games
The Institute of Business Administrants (IBA)

Editorial Board Member Mathematical Game Theory and Applications

Guest Editor

Applied Mathematical Sciences
Annals of Operations Research

Editorial Advisory Council -  Pacific Economic Review

Associate Editor -

Hong Kong Economic Papers

Department Representative -  Canadian Operational Research Society

Staff Member -
Reviewer -

Executive Committee
Advisor -

Member -
Reviewer-

Program Committee-
External Examiner-

Program Committee-

International Program
Committee-

International Program
Committee-

Great Lakes Institute, Ontario, Canada
Mathematical Reviews (American Mathematical Society)
- Hong Kong Economic Association
Victoria Jaycees, The Hong Kong Junior Chamber of
Commerce & Jaycees International
China-Hongkong Securities Markets Research Team, HKSE
National Sciences and Engineering Research Council of
Canada (NSERC)
1999 Far Eastern Meeting of the Econometric Society
Graduate (Economics) Programme, Chinese University
of Hong Kong
The Far Eastern Meeting of the Econometrics Society 1999,
Singapore, July 1999.

Ninth International Symposium on Dynamic
Games and Applications, Adelaide, Dec 2000.

International Federation of Automatic Control — 11" Workshop
on Control Application of Optimization, St Petersburg, July



Program Committee-

Program Committee-

International Program
Committee -

International Program
Committee-

Program Committee-

Vice Chairperson

2000.

JSAI 2001 International Workshop on Agent-based Approaches
in Economics and Social Complex System, Matsue City, Japan,
May 2001.

International Conference on Logic, Game Theory and Social
Choice, St Petersburg, June 2001.

4" International Conference on Computational Intelligence and
Multimedia Applications, Yokosuka, Japan 2001.

Tenth International Symposium on Dynamic

Games and Applications, St Petersburg, July 2002.

Second International Workshop on Agent-based Approaches

in Economics and Social Complex System, Tokyo, Japan, 2002.

Academic Program Committee — International Congress of Mathematicians 2002

Program Committee-
Program Committee-
Program Committee-
International Program
Committee-

Technical Program
Committee-

Program Co-chairperson-
Program Committee
Scientific Committee

International Program
Committee-

Program Committee

International Program
Committee-

Program Committee

International Program
Committee-

International Program

Satellite Conference on Game Theory and Applications
Workshop on Networking games & resource allocation,
Petrozavodsk, Russia, 12-15 July 2002

International Conference on Logic, Game Theory and Social

Choice 3, Siena, September 2003.

Third International Workshop on Agent-based Approaches

in Economics and Social Complex System, Kyoto, Japan,

May 2004.

Eleventh International Symposium on Dynamic
Games and Applications, Tucson, December, 2004.

The 7™ Australian Joint Conference on Complex System,
Cairns, Australia, December 2004.

First Workshop of the Chinese Chapter of the International
Society of Dynamic Games, Qingdao, China, August 2004.
International Conference on Stability and Control Processes --
dedicated to V. I. Zubov, St Petersburg, Russia, Jun/Jul 2005.
6" Meeting on Game Theory and Practice, Zaragoza, Spain,
10-12 July 2006.

Twelve International Symposium on Dynamic Games and
Applications, Sophia Antipolis, France, July, 2006.

The First World Congress on Social Simulation, Kyoto, Japan,
August 2006.

Twelve International Symposium on Dynamic Games and
Applications, Sophia-Antipolis, France, July, 2006.

Fifth International Workshop on Agent-based Approaches in
Economics and Social Complex System, Tokyo, August, 2007.

First International Conference on Game Theory and
Management, St Petersburg, Russia, June 2007.



Committee-

International Program
Committee-

Program Committee

International Program
Committee-

International Program
Committee-

International Program
Committee-

International Program
Committee-

International Program
Committee-

International Program
Committee-

International Program
Committee-

International Program
Committee-

Honorary Program Chair

International Program
Committee-

International Program
Committee-

International Program
Committee-

Advisory Committee-

International Program
Committee-

Second International Conference on Game Theory and
Management, St Petersburg, Russia, June 2008.

Thirteenth International Symposium on Dynamic Games and
Applications, Wroclaw, Poland, June-July 2008.

World Congress on Social Simulation 2008, Fairfax, USA, July,
2008.

Third International Conference on Game Theory and
Management, St Petersburg, Russia, June 2009.

Fourth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2010.

Fifth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2011.

Sixth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2012.

Seventh International Conference on Game Theory and
Management, St Petersburg, Russia, June 2013.

Eighth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2014.

Tenth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2016.

Eleventh International Conference on Game Theory and
Management, St Petersburg, Russia, June 2017.

International Society of Dynamic Games (ISDG)-China Chapter
Conference on Dynamic Games and Game Theoretic Analysis,
NingBo, China, 3-5 August 2017.

Twelfth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2018.

Thirteenth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2019.

Fourteenth International Conference on Game Theory and
Management, St Petersburg, Russia, June 2020.

International Conference on The Evolution of Digital
Entrepreneurship, FinTech and FinReg, Hong Kong, March,
2021.

Fifteenth International Conference on Game Theory and
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Management, St Petersburg, Russia, June 2021.

International Scientific International Congress of Mathematician — Satelite Conference
Committee- on Game Theory and Application, St Petersburg, June 2022.

International Scientific Sixteenth International Conference of Game Theory and
Committee- Management, St Petersburg, Russia, June, 2023.

International Scientific Seventeenth International Conference of Game Theory and
Committee- Management, St Petersburg, Russia, June, 2024.

Technical Program IEEE Region 10 (TENCON) Conference, Singapore,
Committee 1-4 December 2024.

Technical Program IEEE Region 10 (TENCON) Conference, Sabah, Malaysia,

Committee 27-30 October 2025.
GRANTS

RGC Competitive Earmarked Research Grant (CERG) 1999-2004
Project Title - Investor Behavior in Equity Markets: A Stochastic Differential Game Analysis.
HKS$ 477,000, (Sole investigator).

FRG Grants (HKBU) 2000-2001
Project Title - Stock Markets and the World’s Major Financial Centers,
HKS$ 57,500 (Principal investigator).

FRG Grants (HKBU) 2003-2004

Project Title - Stochastic Dynamic Investment Games: Towards a New Paradigm in Financial
Analysis,

HK$66,840 (Sole investigator).

FRG Grants (HKBU) 2004-2005
Project Title - Stable Corporate Joint Ventures: The Dynamic Shapley Approach, HK$146,600
(Sole investigator).

RGC Competitive Earmarked Research Grant (CERG) 2004-2007
Project Title — Consistent Economic Cooperation in Stochastic Dynamic Environment,
HK$339,150 (Principal investigator).

FRG Grants (HKBU) 2005-2007

Project Title — Subgame-consistent Cooperative Nonrenewable Resource Management Under
Asynchronous Planning Horizon,

HK$73,800 (Principal investigator).

FRG Grants (HKBU) 2007-2008

Project Title — Irrational-Behaviour-Proof Solutions in Dynamics Cooperative Schemes
HK$93,160 (Principal investigator).

Strategic Development Fund (HKBU) 2007-2009

Project Title — Consortium for Advanced Study in Dynamic Cooperative Game,
HK$255,253 (Sole investigator).

European Union Research Grant 2007-2009
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Project Title — Technology-Oriented Cooperation and Strategies in India and China:
Reinforcing the EU dialogue with Developing Countries on Climate Change Mitigation.

With Partners: University of Cambridge, Ecole Polytechnique, Tsinghua University, India
Institute of Management, FEEM, KANLO and ORDECSYS,

HK$11,308,579 (Euros 1,069,000).

RGC Competitive Earmarked Research Grant (CERG) 2007-2010

Project Title: Subgame-consistent Solutions for Asynchronous-horizon Cooperative
Stochastic Differential Games,

HK$445,000 (Principal investigator).

Shue Yan University Research Grant 2011-2012

Project Title -- Time Consistent Management Schemes for Collaborative Business
Development

Project Investigators: David Wing-kay YEUNG, Wing-Fu SZETO, Che-fai LAM

HK$24,000

Shue Yan University Publication Grant 2011-2012

Book Title: Subgame Consistent Economic Optimization: An Advanced Cooperative
Dynamic Game Analysis.

Sole Investigators

HK$10,000

RGC Institutional Development Scheme 2017-2020

Project Title: Further Enhancement of Interdisciplinary Research at Hong Kong Shue Yan
University through the Establishment of the Centre of Interdisciplinary Research in Evidence-
Based Practice

Team Leader

HK$6,221,500

SCHOLARLY WORK

PUBLICATIONS
Refereed Articles and Refereed Books

1. Yeung, D.W.K. and Petrosyan, L.A.: A Fair Gain-sharing Solution of Cooperative
Dynamic Games, forthcoming in International Game Theory Review, 2025.

2. Yeung, D.W.K. and Petrosyan, L.A.: Cooperative-trajectory Characteristic Function in
Network Differential Games with Terminal Payoffs, forthcoming in Communications in
Optimization Theory, 2025.

3. Yeung, D.W.K,; Petrosyan, L.A.; Zhang, Y.X.: Trade Network with Technology Spillover:
A Dynamic Fair-sharing Cooperative Solution” forthcoming in the Annals of the
International Society of Dynamic Games, 2025.

4. Yeung, D.W.K.; Petrosyan, L.A.; Zhang, Y.X.: Managing Interconnected Production in a
Dynamic Network: A Fair Gain-sharing Collaborative Solution, forthcoming in
Contributions to Game Theory and Management, XVII, 2025.

5. Yeung, D.W.K. and Petrosyan, L.A.. A General Mathematical Theory of the Dynamic
Global Political Economy, World Scientific, Singapore, 296pp., 2024, ISBN: 978-981-12-
9455-6.

6. Yeung, D.W.K., Petrosyan, L.A. & Zhang, Y: A Fair-Sharing Value for Cooperative
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Dynamic  Network Games. Dynamic Games and Applications, 2024,
https://doi.org/10.1007/s13235-024-00562-x

1. Petrosyan, L.A., D.W.K. Yeung, and E.M. Parilina: Mathematical Game Theory at St.
Petersburg  State  University, International Game Theory Review, 2024,
https://doi.org/10.1142/S0219198923500196

David W. K. Yeung and Leon A. Petrosyan: Subgame-Consistent Cooperative Equilibria
of Multi-Objective Dynamic Games, International Game Theory Review, 2024,
https://doi.org/10.1142/S0219198923500202

Petrosyan, L.A., Yeung, D.W.K. and Pankratova Y.: Characteristic Functions in
Cooperative Differential Games on Networks, Journal of Dynamics and Games, 2024. doi:
10.3934/jdg.2023017

Yeung, D.W.K. Petrosyan, L.A. and Zhang, Y.X.: A Dynamic Network Game of the
FinTech Industry, Journal of the Operations Research Society of China, 2023,
https://doi.org/10.1007/s40305-022-00434-4

Yeung, D.W.K. and Zhang, Y.X.: Bi-objective Optimization — A Pareto Method with
Analytical Solutions, Applied Mathematics, Vol.14, No.1l, pp.57-81, 2023,
doi: 10.4236/am.2023.141004.

Wong, W.K., Yeung D.W.K. and Lu R.: The Mean-variance Rule for Investors with
Reverse S-shaped utility, Annals of Financial Economics, Vol. 18, No. 1, 2250016. DOI:
10.1142/S2010495222500166, 2023.

Yeung, D.W.K. and Petrosyan, L.A.: Durable-strategies Dynamic Games: Theory, Solution
Techniques and Applications, Springer, Switzerland, 303pp, 2022, ISBN 9783030927417.
Yeung, D.W.K. and Wong, W.K.: An Informational Theory of the Dynamic Value of the
Firm, Annals of Financial Economics, 2022. https://doi.org/10.1142/S2010495222500166.
Yeung, D.W.K. and Petrosyan, L.A.: Generalized dynamic games with durable strategies
under uncertain planning horizon, Journal of Computational and Applied Mathematics, 395
(2021) 113595. https://doi.org/10.1016/j.cam.2021.113595

Yeung, DWK, and Petrosyan, LA, (2021). Asynchronous Horizons Durable-Strategies
Dynamic Games and Tragedy of Cross-Generational Environmental Commons,
International Game Theory Review. Available at: doi. org/10.1142/S0219198921500201.

Yeung, D.W.K., Petrosyan, L.A. and Zhang, Y.X.: Trade with Technology Spillover: A
Dynamic Network Game Analysis, International Game Theory Review, 2021, Vol. 23,
No.1, 205011 (1-31).

Yeung, D.W.K., Zhang, Y.X., Bai, H.T. and Islam, S.: Collaborative Environmental
Management for Transboundary Air Pollution Problems: A Differential Levies Game,
Journal of Industrial and Management Optimization, 2021, 17 (2) : 517-531.
D0i:10.3934/jim0.2019121.

Petrosyan L., Yeung D., Pankratova Y. (2021) Dynamic Cooperative Games on Networks.
In: Strekalovsky A., Kochetov Y., Gruzdeva T., Orlov A. (eds) Mathematical Optimization
Theory and Operations Research: Recent Trends. MOTOR 2021. Communications in
Computer and Information Science, vol 1476. Springer,
Cham. https://doi.org/10.1007/978-3-030-86433-0 28

Petrosyan, L.A. and Yeung, D.W.K.: Shapley Value for Differential Network Games:
Theory and Application, Journal of Dynamics and Games, 2021, 8(2): 151-
166 doi: 10.3934/jdg.2020021.
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Haurie, Montreal, October, 2000. (Invited)

“Differential Games with Uncertain Terminal Payoffs,” presented at the Seventh Viennese
Workshop on Optimal Control, Dynamic Games and Nonlinear Dynamics, Vienna, May
2000.

“A Multi-dimensional Stochastic Process for Generalized Asset Price Dynamics,” presented
at the Seventh Viennese Workshop on Optimal Control, Dynamic Games and Nonlinear
Dynamics, Vienna, May 2000.
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“Shapley Values for Games with Uncertain Terminal Payoffs,” (with Leon Petrosjan),
presented at The First World Congress of the game Theory Society, Bilbao, Spain, July,
2000.

“Differential Games with Uncertain Payoffs”, (with Leon Petrosjan), presented at the
International Federation of Automatic Control Workshop on Control Applications of
Optimization, St Petersburg, July 2000.

“Dynamic Games with Random Duration and Uncertain Payoffs” (with Leon Petrosyan),
presented at the 5" International Petrozavodsk Conference on Probabilistic Methods in
Discrete Mathematics, 5-10, June, 2000.

“Concession Bargaining for Transboundary Pollution Reduction,” (with Steffen Jorgensen),
presented at the 5™ International Conference of the Decision Sciences Institute, Athens,
July 1999. (Invited)

“Strategic Concession”, (with Steffen Jorgensen), presented at the Far Eastern Meeting of the
Econometric Society, Singapore, July 1999.

“A Stochastic Differential Game of Institutional Investor Speculation,” presented at the Eighth
International Symposium on Dynamic Games and Applications, Maastricht, The
Netherlands, July 1998.

“Institutional Investor Speculation: Theoretical Underpinnings and Applications in a
Stochastic Differential Game Framework,” presented at the Fourth International
Conference on Optimization: Techniques and Applications, Perth, Australia, July 1998.

“A Strategic Concession Game,” (with Steffen Jorgensen), presented at the Conference on
Microeconomics and Game Theory, Copenhagen, Denmark, June 1997.

“Inter- and Intragenerational Resource Extraction and an Intergenerational Equity Rule,” (with
Steffen Jorgensen), presented at The Sixth Viennese Workshop on Optimal Control,
Dynamic Games, Nonlinear Dynamics and Adaptive Systems, Vienna, Austria, May, 1997.

“A Class of Differential Games Which Admits a Feedback Solution with Linear Value
Functions,” presented at The Sixth Viennese Workshop on Optimal Control, Dynamic
Games, Nonlinear Dynamics and Adaptive Systems, Vienna, Austria, May, 1997.

“Transboundary Pollution Management: A Concession Equilibrium,” (with Steffen Jorgensen),
presented at The Optimization Days, Montreal, Canada, May 1997. (Invited)

“Inter- and intra-generational Resource Extraction,” (with Steffen Jorgensen), presented at the
Seventh International Symposium on Dynamic Games and Applications, Kanagawa, Japan,
December, 1996.

“Institutional Evolution and Emerging Markets: A Model of Stock Price Dynamics in China,”
(with Jessie Poon), presented at the Symposium on The Expansion Method, Odense,
Denmark, October, 1996.

“Price Dynamics in Emerging Stock Markets,” presented at the 20th Symposium on Operations
Research, Passau, Germany, Sept., 1995.

“A Theory of the Price Dynamics of China's Stock Markets,” presented at the 2nd Conference
on the Development of China's Securities Markets, Shanghai, China, Dec. 1994.

“Derivation of Feedback Solutions for a General Class of Infinite Horizon Games
Circumventing the Hamilton-Jacobi-Bellman Equations,” (with L.Y. Yeung), presented at
the International Conference on Operations Research, Berlin, Germany Aug./Sept. 1994.

“Common-Pool Resource Extraction: Dynamic Equilibria,” presented at the International
Conference on Operations Research, Berlin, Germany Aug./Sept. 1994,

“Common-Pool Resource Extraction: Feedback Nash Equilibrium Solution,” presented at the
Sixth International Symposium on differential Games and Applications, St. Jovite, Quebec,
Canada, July 1994. (Invited)

“Price Dynamics in China's Emerging Stock Markets,” presented at the Western Economic
Association International Pacific Rim Conference, Hong Kong, Jan. 1994.
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“On Degenerate and Non-degenerate Correspondences of Differential Games with a Feedback
Nash Equilibrium,” presented at the 32nd IEEE Conference on Decision and Control, San
Antonio, Texas, Dec., 1993.

“Reconstruction of Public Finance in a Stochastic Differential Game Framework,” presented
at the 18th Symposium on Operations Research, Koeln, Germany, Sept. 1993.

“The Shenzhen Stock Market: Current State and a Forecasting Model,” (with Michael Cheung
and Lai-Yee Yeung), presented at the 14th International Symposium on Asian Studies,
Hong Kong, July, 1992.

“Capital Accumulation Subject to Pollution Control: A Differential Game with a Feedback
Nash Equilibrium,” (with Michael Cheung), presented at the Fifth International Symposium
on Differential Games and Applications, Geneva, Switzerland, July, 1992.

“A Stochastic Model of Foreign Exchange Dynamics and An Exact Option Pricing Formula,”
(with Michael Cheung), presented at the 17th Symposium on Operations Research,
Hamburg, Germany, August, 1992.

“On the Use of Geometric Brownian Motion in Financial Analysis,” (with Michael Cheung
and Alfred Lai), presented at the 17th Symposium on Operations Research, Hamburg,
Germany, August, 1992.

“Characterizing the Solution of an Average Cost Minimization Problem with returns to scale
and a Decomposition Technique,” (with Michael Cheung), presented at the Sixteenth
Symposium on Operations Research, Trier, Germany, September 1991.

“Industrial Pollution Management in a Differential Game Framework,” presented at the
International Conference on Operations Research, Vienna, August, 1990.

“A Game Theoretical Approach to Public Investment Versus Private Investment,” presented at
the Fourth International Symposium on Differential Games and Applications, Helsinki,
August, 1990. (Invited)

“Relation Wages and Inflation Revisited (with Hafiz Akhand), Presented at the Eighteenth
Atlantic Canadian Economic Association Conference, Saint John, 1989.

“Monetary Rules as Optimal Incentive Strategies,” (invited) presented at the 6th International
Federation of Automatic Control Symposium on Dynamic Modelling and Control of
National Economics, Edinburgh, June, 1989.

“Nonmalleable Capital and Efficient Allocation of Nonrenewable Resource,” (with John
Rowse), presented at the Joint National Meeting of the Institute of Management Science,
Canadian Operational Research Society and ORSA, Vancouver, May 1989.

“Knowledge Based Product Innovation: A Closed-Loop Feedback Nash Equilibrium
Approach,” presented at the Joint International Conference of the Association of European
Operational Research Societies and the Institute of Management Sciences, Paris, July 1988.

“Economic Exploitation of Non-renewable Resources in Random Environments - A Stochastic
Hotelling Rule,” (with Charles Plourde), presented at the Twentieth International Atlantic
Economic Conference, Washington, D.C., August, 1985.

“Predator-Prey Models in Fishery Economics” (with Charles Plourde) (invited) presented at
Colloque d’économie des resources naturalles, Laval, Quebec, June 1984,

“A Stochastic Model of Industrial Pollution Management,” (with Charles Plourde), presented
at the Eighteenth International Atlantic Economic Conference, Montreal, October 1984.

HIGHLIGHTS OF SCIENTIFIC CONTRIBUTIONS
GROUND-BREAKING CONTRIBUTION

(1) Cooperative stochastic dynamic games and
Cooperative Subgame Consistency
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The work of Yeung and Petrosyan [D. Yeung and L. Petrosyan: Subgame Consistent
Cooperative Solution in Stochastic Differential Games, Journal of Optimization Theory and
Applications 2004] represents a breakthrough in the field of cooperative stochastic differential
games. In particular, a generalized theorem for the derivation of analytically tractable
“subgame consistent” solutions is presented. This contribution has made possible the rigorous
study of dynamic stochastic cooperation.

This work lead to the world’s first ever book devoted to cooperative stochastic differential
games. [D. Yeung and L. Petrosyan: Cooperative Stochastic Differential Games, Springer
2006].
Praises for the book from two eminent dynamic game theorists stated that:
“ “Cooperative Stochastic Differential Games’ by Profs. Yeung and Petrosyan, two of
the world’s leading experts and pioneers in the field of dynamic games, promises to be
the first substantial and basic treatment of cooperative games in a stochastic setting.
This extremely difficult topic is addressed in novel and rigorous ways, developing some
of the authors’ earlier ideas in a comprehensive manner which will make this book the
‘bible’ of the field for years to come.” (George Leitmann, Professor of the Graduate
School, University of California at Berkeley)

“This potentially classic text is written by the world’s best cooperative dynamic game
theorist and its top cooperative stochastic differential game theorist. A general theorem
(of the authors’) deriving analytically tractable ‘payoff distribution procedures’ for
subgame consistent solutions represents a breakthrough in the rigorous study of
cooperative stochastic differential games. The book’s advancements in dynamic
stability — especially in subgame consistency — mark a continuation of the great
tradition of A. Lyapunov, L. S. Pontryagin and V. Zubov.” (Vladimir Mazalov, Director
of the Institute of Applied Mathematical Research, Russian Academy of Sciences).

This volume adds to the analysis of cooperative games by extending it to a stochastic
dynamic framework and providing a generalized theorem for obtaining dynamically stable
solutions. The introduction of the concept of “Cooperative Subgame Consistency” allows the
derivation of cooperative solutions which extension to a subgame at a later starting time and a
state brought about by prior optimal behaviors would remain optimal. In particular, it implies
that the specific optimality principle agreed upon at the outset must remain effective at any
instant of time throughout the game along the optimal state trajectory.

The book “Subgame Consistent Cooperation: A Comprehensive Treatise, Springer,
2016 isthe world’s first book on Subgame Consistent Cooperation, which is a comprehensive
treatise on the concepts and solution mechanisms of their pioneering work on cooperative
subgame consistency. In the book’s back-cover praise Vladimir Mazalov stated, “The 2004
Nobel Economics Prize was given to works in economic policies under the concept of time
consistency with mathematical construction less general, rigorous and precise than that later
developed in this book. .... In terms of advancement in practical applications this book is
highly important theoretically and technically on top of economic interpretation.”

(Vladimir Mazalov, Director of the Institute of Applied Mathematical Research,
Russian Academy of Sciences).
Subgame consistent solutions for a list of new game paradigms developed by D. Yeung and
L. Psetrosyan are given in item (3) below.

GROUND-BREAKING CONTRIBUTION
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(2) A new field in dyanmic games
Durable-strategies Dynamic Games

Durable strategies that have prolonged effects are prevalent in real-world situations. Revenue-
generating investments, toxic waste disposal, long-lived goods, regulatory measures, coalition
agreements, diffusion of knowledge, advertisement and investments to accumulate physical
capital are concrete examples of durable strategies. In reality, the existence of durable strategies
in decision-making schemes is less the exception and more the rule.

The paradigm of ‘durable-strategies dynamic games’ provides a new perspective approach with
a new class of strategies in dynamic game theory. The addition of durable strategies in the
strategies set of dynamic games does not only make game theory applications possible for
analysis of real-life problems with durable strategies but also establish a new theoretical
framework with novel optimization theory, solution concepts and mathematical game
techniques. This paradigm fills a significant gap in conventional dynamic game theory. The
establishment of durable-strategies dynamic games provides an augmentation of dynamic game
theory with durable strategies in decision-making schemes.

A comprehensive collection of the new game paradigm of durable-strategies dynamic games
developed were given in:

D. Yeung and L. Petrosyan: Cooperative Dynamic Games with Control Lags, Dynamic Games
and Applications, 2019.

L. Petrosyan and D. Yeung: Cooperative Dynamic Games with Durable Controls: Theory and
Application, Dynamic Games and Applications, 2020.

D. Yeung and L. Petrosyan: Asynchronous Horizons Durable-Strategies Dynamic Games and
Tragedy of Cross-Generational Environmental Commons, International Game Theory Review,
2021.

D. Yeung and L. Petrosyan: Generalized dynamic games with durable strategies under
uncertain planning horizon, Journal of Computational and Applied Mathematics, 2021.

The book “Durable-strategies Dynamic Games: Theory, Solution Techniques and
Applications, Springer 2022” by D. Yeung and L. Petrosyan is the world’s first text about the
new paradigm of durable-strategies dtnamic games.

Praises for the book from eminent dynamic game theorists stated that:
"Not too many new concepts have been introduced in dynamic games since their inception. The
introduction of the concept of durable strategies changes this trend and yields important
contributions to environmental and business applications."
(Dusan M Stipanovié, Professor, University of Illinois at Urbana-Champaign)

"Before this book, the field simply did not realize that most of our strategies are durable and
entail profound effects in the future. Putting them into the mathematical framework of dynamic
games is a great innovative effort.”
(Vladimir Turetsky, Professor, Ort Braude College)

“Durable-strategies Dynamic Games is truly a world-leading addition to the field of dynamic
games. Itis a much needed publication to tackle increasingly crucial problems under the reality
of durable strategies.”

(Vladimir Mazalov, Director of Mathematical Research, Russian Academy of Sciences
& President of the International Society of Dynamic Games)
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(3) The establishment of subgame consistent solutions for the following games
developed by D. Yeung and L. Petrosyan

(1) Subgame-consistent Solution for Random-horizon Cooperative Dynamic Games

D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150,
pp78-97, 2011.

(if) Subgame-consistent Solution Cooperative Stochastic Dynamic Games under Uncertainty
in Payoff Structures

D.W.K. Yeung and L. A. Petrosyan: Subgame-consistent Cooperative Solutions in Randomly
Furcating Stochastic Dynamic Games. Mathematical and Computer Modelling, Vol 57,
pp.976-991, 2013.

(iii) Subgame consistent discrete-time stochastic dynamic games

D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Solutions for Cooperative Stochastic
Dynamic Games. Journal of Optimization Theory and Applications, Vol. 145, 2010, pp. 579-
596.

(iv) Subgame-consistent Solution for Random-horizon Cooperative Stochastic Dynamic
Games under Uncertainty in Payoff Structures

D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solutions For Randomly
Furcating Stochastic Dynamic Games With Uncertain Horizon. International Game Theory
Review, Vol. 16, pp.1440012.01-1440012.29, 2014.

(v) Subgame-consistent Solution for Dynamic Cooperation under Non-transferrable Payoffs
D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solution for NTU
Dynamic Games via Variable Weights, Automatica, 2015.

(4) New paradigms in game theory —

(i) Random Horizon Dynamic Games

This analysis extended discrete-time dynamic cooperative games to a random horizon
framework. In many game situations, the terminal time of the game is not known with certainty.
Examples of this kind of problems include uncertainty in the renewal of lease, the terms of
offices of elected authorities/directorships, contract renewal and continuation of agreements
subjected to periodic negotiations. A dynamic programming technique for solving inter-
temporal problems with random horizon is developed to serve as the foundation of solving the
game problem. To characterize a noncooperative equilibrium, a set of random duration
discrete-time Hamilton-Jacobi-Bellman equations is derived.

D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150,
pp78-97, 2011.

(i) Randomly Furcating Stochastic Differential Games

Through the addition of stochastic elements via branching payoffs a fruitful approach to game
modeling under uncertainty is offered. In particular, novel mathematical theorems yielding
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time-varying controls in infinite horizon problems are obtained. This work extended the classic
contributions of Bellman and Isaacs (in the 1950s) and the stochastic analysis of Fleming and
Rishel (in the 1970s) to stochastic differential games with randomly branching payoffs.

D. Yeung: Infinite Horizon Stochastic Differential Games with Branching Payoffs, Journal of
Optimization Theory and Applications 2001.

D. Yeung: Randomly Furcating Stochastic Differential Games, in L. Petrosyan and D.W.K.
Yeung (eds.): ICM Millennium Lectures on Games, Springer-Verlag, Berlin, 2003.

(4) Novel Contributions in Control Theory
(i) Random Horizon Bellman’s Equation
D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150,
pp78-97, 2011.
(i) Random Horizon Stochastic Bellman Equation under Uncertain Payoff Structures
D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solutions For Randomly
Furcating Stochastic Dynamic Games With Uncertain Horizon. International Game Theory
Review, Vol. 16, 2014, pp.1440012.01-1440012.29.
(iii) Discrete-time Bellman Equations for Optimization under Durable-strategies
L. Petrosyan and D. Yeung: Cooperative Dynamic Games with Durable Controls: Theory and
Application, Dynamic Games and Applications, 2020.

(5) Dynamic Consumer Theory
Inter-temporal Roy’s Identities and Stochastic Dynamic Slutsky Equations

The development of the classic Slutsky’s analysis on consumer theory to a stochastic dynamic
framework provides novel results and a new venue of research with much higher realism and
relevance for analysis in consumer theory. It extends the conventional static optimal
consumption theories to a dynamic framework with the possibility of accommodating various
combinations of three major types of uncertainty in consumption behavior — stochastic income,
random life-span and uncertain preferences. These extensions inject some crucial, realistic and
intrinsic characteristics of the consumer decision into the analysis of consumer theory. A series
of inter-temporal Roy’s identities and stochastic dynamic Slutsky equations are formulated.
These include --- Inter-temporal Roy’s Identity, Inter-temporal Roy’s Identity under Stochastic
Income, Inter-temporal Roy’s Identity under Stochastic Life-span, Inter-temporal Roy’s
Identity under Stochastic Income and Life-span, Inter-temporal Roy’s Identity under Stochastic
Preferences, Inter-temporal Roy’s Identity under Stochastic Life-span and Preferences, Inter-
temporal Roy'’s Identity under Stochastic Income and Preferences, Inter-temporal Roy’s
Identity under Stochastic Income, Life-span and Preferences, Dynamic Slutsky Equation,
Dynamic Slutsky Equation under Stochastic Income, Dynamic Slutsky Equation under
Stochastic Life-span, Dynamic Slutsky Equation under Stochastic Income and Life-span,
Dynamic Slutsky Equation under Stochastic Preferences, Dynamic Slutsky Equation under
Stochastic Life-span and Preferences, Dynamic Slutsky Equation under Stochastic Income and
Preferences, and Dynamic Slutsky Equation under Stochastic Income, Life-span and
Preferences.

This work lead to the world’s first ever book devoted on Dynamic Consumer Theory.
[D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015]. Acclaim for the book from two
eminent applied mathematicians stated that:
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“This book is an innovative addition to the study of consumer theory. It expands the
conventional static consumer theory into a stochastic dynamic analysis — a move that
makes the study of optimal consumption decision much more realistic.” (Leon Petrosyan,
St Petersburg State University, Dean of Faculty of Applied Mathematics)

“The stochastic dynamic Slutsky equations in this book formed a new milestone in
consumer theory after the classic work of Slutsky. ..... it is highly apt to call the latter
‘Slutsky-Yeung equations’”. (Vladimir Mazalov, Director of Karelian Institute of
Applied mathematical Research, Russian Academy of Sciences)

D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Optimal Consumption under an Uncertain Inter-temporal Budget: Stochastic
Dynamic Slutsky Equations, Vestnik St Petersburg University: Mathematics (Springer), Vol.
10, 2013, pp.121-141.

D.W.K. Yeung: Optimal Consumption under Uncertainties: Random Horizon Stochastic
Dynamic Roy’s Identity and Slutsky Equation, Applied Mathematics, Vol.5, 2014, pp.263-284.
D.W.K. Yeung: Random Horizon Stocahstic dynamic Slutsky Equation under Preference
Uncertainty, Applied Mathematical Sciences, Vol. 8, 2014, pp.7311-7340.

(7) World’s First Texts

(i) The world’s first text on cooperative stochastic differential games:
D. Yeung and L. Petrosyan: Cooperative Stochastic Differential Games, Springer 2006.

(ii) The world’s first text on subgame consistent economic optimization:
D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Economic Optimization: An Advanced
Cooperative Dynamic Game Analysis, Boston: Birkhauser 2012.

(iii) The world’s first text on dynamic consumer theory:
D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

(iv) The world’s first text on Subgame consistent cooperation:
D.W.K.Yeung and L.A. Petrosyan.: Subgame Consistent Cooperation — A Comprehensive
Treatise, Springer, 2016.

(v) The world’s first text on dynamic Shapley value and dynamic Nash bargaining:
D.W.K. Yeung and L.A. Petrosyan: Dynamic Shapley Value and Dynamic Nash Bargaining,
Nova Science, New York, 2018.

(vi) The world’s first text on durable-strategies dynamic games
D.W.K. Yeung and L.A. Petrosyan: Durable-strategies Dynamic Games: Theory, Solution
Techniques and Applications, Springer, 2022.

(vii) the World’s first Text on General Mathematical Theory of the Dynamic Global Political
Economy

D.W.K. Yeung and L.A. Petrosyan: A General Mathematical Theory of the Dynamic Global
Political Economy, World Scientific Publishers, 2024.
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LIST OF MATHEMATICAL FORMULAE DEVELOPED

Part A: Control Theory

Theorem Al: Random-horizon Bellman Equation

Theorem A2: Random-horizon Stochastic Bellman Equation under Uncertain Future Payoff
Structures

Theorem A3: Dynamic Programming with Control Lags

Theorem A4: Dynamic Optimization Theorem Under Random Horizon and Durable Strategies

Part B: Game Theory

Theorem B1: Random-horizon (Hamilton-Jacobi-Bellman) HIB Equations

Theorem B2: Random-horizon Stochastic HIB Equations under Uncertain Future Payoff
Structures

Theorem B3: Nontransferable Individual Payoff in Stochastic Dynamic Cooperation

Theorem B4: Nontransferable Individual Payoff in Continuous-time Stochastic Dynamic
Cooperation

Theorem B5: Subgame-consistent Payoff Distribution Procedure (PDP) for Discrete-time
Stochastic Dynamic Cooperation

Theorem B6: Subgame-consistent PDP for Continuous-time Stochastic Dynamic Cooperation

Theorem B7: Subgame-consistent PDP for Random-horizon Dynamic Cooperation

Theorem B8: Subgame-consistent PDP for Discrete-time Stochastic Dynamic Cooperation
under Uncertainty in Payoff Structures

Theorem B9: Subgame-consistent PDP for Continuous-time Stochastic Dynamic Cooperation
under Uncertainty in Payoff Structures

Theorem B10: Subgame-consistent PDP for Random-horizon Stochastic Dynamic Cooperation
under Uncertainty in Payoff Structures

Theorem B11: Subgame-consistent Solution Mechanism for Dynamic Cooperation under Non-
transferrable (NTU) Payoffs

Theorem B12: Subgame-consistent Solution Mechanism for Stochastic Dynamic Cooperation
under Non-transferrable (NTU) Payoffs

Theorem B13: Hamilton-Jacobi-Bellman Equations for Dynamic Games with Durable
Controls

Theorem B14: Subgame-consistent PDP for Cooperative Dynamic Games with Durable
Controls

Theorem B15. Hamilton-Jacobi-Bellman Equations for Dynamic Games under Random
Horizon and Durable Controls

Theorem B16. Subgame-consistent PDP for Cooperative Dynamic Games under Random
Horizon and Durable Controls

Part C: Identities and Equations in Economics

C1. Inter-temporal Roy’s Identity

C2. Inter-temporal Roy’s Identity under Stochastic Life-span

C3. Inter-temporal Roy’s Identity under Stochastic Income

C4. Inter-temporal Roy’s Identity under Stochastic Income and Life-span

C5. Inter-temporal Roy’s Identity under Stochastic Preferences

C6. Inter-temporal Roy’s Identity under Stochastic Life-span and Preferences

C7. Inter-temporal Roy’s Identity under Stochastic Income and Preferences

C8. Inter-temporal Roy’s Identity under Stochastic Income, Life-span and Preferences
C9. Dynamic Slutsky Equation
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C10
Cl1
C12

Cis.
C14.
C15.
C16.

. Dynamic Slutsky Equation under Stochastic Life-span

. Dynamic Slutsky Equation under Stochastic Income

. Dynamic Slutsky Equation under Stochastic Income and Life-span

Dynamic Slutsky Equation under Stochastic Preferences

Dynamic Slutsky Equation under Stochastic Life-span and Preferences
Dynamic Slutsky Equation under Stochastic Income and Preferences

Dynamic Slutsky Equation under Stochastic Income, Life-span and Preferences

Part D. Number Theory

D1.
D2.

The Number of Embedded Coalitions
The Number of Embedded Coalitions where the Position of the Individual Player Counts

Part E. Probability Density Function

El.

E2.

Stationary Probability Density Function of the Lotka-Volterra-Yeung Stochastic Food-
chain

Stationary Probability Density Function of Generalized Stochastic Food-chain of the
Lotka-Volterra-Yeung Type

ADDENDUM TO
Curriculum Vitae of David W. K. Yeung

Mathematical Formulae Developed

One cannot escape the feeling that these
mathematical formulas have an independent
existence and an intelligence of their own,

that they are wiser than we are, wiser even than
their discoverers... ~Heinrich Hertz (1847-1894)

Part A: Control Theory

V(T +1,%) =qr.1 (%),

V) =max{ gr(rup) +VIT+ 1 frup)] |,

ks
V@) =max{  g.0oud) + 5 denfe(rou)]
Ur 7=t%¢

Theorem Al. (Random-horizon Bellman Equation)

T
2:(=r+1 9{

+
Z’g:‘r 24

VIt + 1, £,Cow)] } forte{1,2,-,T — 1} .

Origin and Application

The

maximizing

value function V(k,x) denote the maximal value of the expected payoffs for the problem of
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T
Z i (g, w )85 + QT+1(xf+1)51?+1 }
k=t

= Zg:rﬁ{ ZZ:r G (K, w)8F + QT+1(XT+1)51T+1 }
subject to
Xper1 = i (e i), Xk = X,
where state x, = x, T is a random variable with range {1,2,---,T} and corresponding probabilities
{6,,60,,-,07}.

Reference: D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150, pp78-97, 2011.

Theorem A2 (Random-horizon Stochastic Bellman Equation under
Uncertain Future Payoff Structures)

VOT(T 4 1,5%) = grey (0),

V(T x) = maxEg, { gr(xun ) +VOrIIT + 1, frGoun) + 971 )
= Eﬂr{ gr (x 7 1) (x); HGT) +plor+) [T +1, fr (x 7 (o) (x)) + 19T] }

Vw0 = maxka, { g0l 07) 4 5 denlfiGow) + 8
T {=1

P SN Z"T“ 27 v 41 (x u) + 6] }

ZT @ or41=1 ‘r+1
= Eaf{ 9¢ (200" @3 07) + 7% e [ (2.0 00)) 4 9,

+ M yheer_ g0ty (ored) [T +1,f, (x: <p§‘7’)*(x)> + 19’] }

Z( L T¢ or41=1 T+1
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Origin and Application

The value function V(“T)(r, x) denote the maximal value of the expected payoffs for the problem of

maximizing

Eel,ez.---.er:ﬂl.ﬂz.---.ﬂT{ Z?:ﬂﬂf[ Yh=1  Gilxe e 0] + q(xres) ] }

subject t0 xy41 = fi (X, Ug) + Iy,
where Eg_ g, ... 97:9,,9,-97 1S the expectation operation with respect to the random variables 8,,6,,--, 0
and 191, 192, A ,19’[‘-

Reference: D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solutions For Randomly
Furcating Stochastic Dynamic Games With Uncertain Horizon. International Game Theory Review, Vol.
16, 2014, pp.1440012.01-1440012.29.

Theorem A3. Dynamic Optimization Technique for Durable Controls
V(T +1,x; a(T+1)—) = QT+1(xT+1iﬂ(T+1)—)51T+1:
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V(k,x;.) = {}2%’;{ 91 W, Wies Wie)BF + VK + 1, fio (%, e, Wi W) Tern)-| }
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Origin and Application
The function V (k, x; &1,,_) represents the maximal value of the payoff for the problem of maximizing
Yok 9e Ot e, Thge; W) 65 + Graq (rss Trany-) 67 1
subject to
Xepr = fe (g, ug, U e ),
with state x;, = x and previously executed durable controls i, _.

References: D.W.K. Yeung, L.A. Petrosyan (2020): Cooperative Dynamic Games with Durable Controls:
Theory and Application, Dynamic Games and Applications,

Doi:10.1007/513235-019-00336-w.

9(2), 550-567, 2019, https://doi.org/10.1007/s13235-018-0266-6.

D.W.K. Yeung, L.A. Petrosyan (2019): Cooperative Dynamic Games with Control Lags, Dynamic Games
and Applications, 9(2), 550-567, https://doi.org/10.1007/s13235-018-0266-6.
D.W.K. Yeung, L.A. Petrosyan (2022): Durable-strategies Dynamic Games: Theory, Solution Techniques
and Applications, Springer, Switzerland, 303pp, 2022, ISBN 9783030927417.

Theorem A4. Dynamic Optimization Theorem Under Random Horizon and Durable Strategies
V(T + 1, % re1)-) = Graa (6 @ran)-) 5172,

V(T,x;tp_) = ma_x{ gr(x, ur, dr; aT—)(SlT
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+Z§?T+19;V(T + 1, fr (6, g, Ty g ); U Urgn)— N B } forte{12,T—-1}. =
=T

Origin and Application
The value function V (z, x; &1;_) denote the maximal value of the expected payoffs for the problem of
maximizing

T

E{ Z gk(xk'uk'ﬂkiﬂk—)fsf+QT+1(xT+1ia(f+1)—)51T+1 }

k=

~

T 07 7 _ - _ 7
ZZT":TT—T{ 25:1 gk(xk'uk'ukiuk—)‘sf+QT+1(xf+1iu(?+1)—)51T+1 }

subject to
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Xer1 = fre (e Wi Ui e, X = X,

where q741(x741; Bcre1)- ) is the terminal payment in stage 7 + 1,

state x, = x and previously executed controls u,_,

T is a random variable with range {1,2,---, T} and corresponding probabilities {6;, 85, -, 01}.

References: D.W.K. and Petrosyan, L.A.: Generalized dynamic games with durable strategies under
uncertain planning horizon, Journal of Computational and Applied Mathematics, 395 (2021) 113595.

Part B: Game Theory

Theorem B1. (Random-horizon (Hamilton-Jacobi-Bellman) HIB Equations)
VIT,x) =max{  ghlx, o} (), 93(), -, 051 (0), ub, 1 (x), -+, ()]
ur

+ b [fie (2 01, 9FCO), -+, 07 00,k 0100, 0 0)]
Vi) =max{  gilx @} (), 92,0t (), uh 0f (@), 9R ()

91’ . f . .
577 0 [fic (2 0E 00, 9F 0O, 070, e 07 (0, 9 () )]
{=1%¢

DY NP . S
+EHEY e 41 i (%, k(0 9R (0, 07 (), U 912 (), R 0)| ] BD)
¢=%¢
forre{1,2,--,T —1}. m

Origin and Application
The value function V' (z, x) denote the Feedback Nash equilibrium payoff of player i € N for the game

problem

T
i 1 .,,2 n i
moith{ § Gie[Xi Wie, Uie, -+, U] + Qg (X741) }
u
k=1

:Z§=1 97‘{ Z}c‘:l gli([xktulla ulzw""uz] + C[%+1(XT+1) }7 LEN,
SUbJECt to Xk+1 = fk (xkl ullcf uIZ(J Yy uz’)

Reference: D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150, pp78-97, 2011.

Theorem B2. (Random-horizon Stochastic HIB Equations under
Uncertain Future Payoff Structures)

yOrsiT 41, x) =gk, (x),

i i 1% 2% [—1x [ i+1x
VT, x) = maxEg, { ghlr @l (0, 08 (0, o T @), o7 (1), -
ur

...’(p;UT)n*(x); Q;T] + V(UT+1)i[T + 1lfT(x' 'EVU'T)*il') +19T] }1

VO (%) = maxEg, {  ghlx 77 (0,077 (@), 0T (), w7 (),
Uz
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o, 7 (x); 677) + ST Genlfir eI (0)) + 9]

+Z( T+1 {ZTITH 20T+ V(ffr+1) [T +1,f <x gD‘EUT)W“(X)) + 191_] }, t€{1,2,-,T -1}

Z{ L7 Or41=1""7+1
foro, € {1,2,--,n.}, t €{1,2,---,T}and i € N;
where <p(”f)*“(x)
= [0 G0, 7% (), 9T (0, w9 (), -, T (),

fort€{1,2,---,T}. n

Origin and Application

The value function V("’)i(r, x) denote the Feedback Nash equilibrium payoff of player i € N for the game

problem

MAXEg, 0,..-07:018;,-97 { Yooe| 2 gilveubud - ul 0] +q" (ran) | } JiEN
subject to x4 1 = fi (g, Uk, uZ, -+, ul) + 9y,

where 6, and 9, are random variables.

Reference: D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solutions For Randomly

Furcating Stochastic Dynamic Games With Uncertain Horizon. International Game Theory Review, Vol.
16, 2014, pp.1440012.01-1440012.29.

Theorem B4. (Nontransferable Individual Payoff in Continuous-time Stochastic Dynamic
Cooperation)
m

1
W00 -5 Y AW, (6 =
hi=1
max { ( Taal g7t x,u, uz,"~,un)) exp [—f:o r(y)dy]

Uq Uy
+l/|/x(a)(t,x)f(t,x,ul,u2 u”) },
W (T,x) = exp[-r(T — t)] T, &’ ¢’ (),
—W Dkt 2) — =By 2 (8, %) w(“)g (t,x) =

' 62w 60,97 (6,2, Y&, 0)] exp [ £ )y
+W. D, ) f [t %, 0P (¢, %), 1/)2(“)(1:, x), -, P9, x)] and
W OUT, x) = exp [ f:;r(y)dy] q'(x), fori € N. n

Origin and Application
Consider the problem of maximizing the joint weighted expected payoff of the players in a cooperative
stochastic differential game with non-transferrable payoffs which maximizes

E, { Z f :a" 9715, x(8), s (), (), up ()] exp [— f t}(y)dy] ds

+30, el roay]d P (x@)
subject to
dx(s) = f[S,x(S), ul(s)luZ(s)f ”'fun(s)]ds + O'[S,x(S)]dZ(S), x(t()) = xOl
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where c[s, x(s)] isan x ® matrix and z(s)is a ®-dimensional Wiener process and a« = (al Jal, e, a")
for ¥7_, @’ = 1 is a set agreed-upon weights.

We denote a set of controls {ug“)(t) = lPi(“)(t. x), for i € N} which provides an optimal solution to the
above stochastic control problem and yields value functions W@ (t, x): [t,, T] X R™ = R.

Then the individual payoff of player for i € N can be obtain as w @, x): [to,T] X R™ > R as in
Theorem B.4.

References: D.W.K. Yeung: Nontransferable Individual Payoff Functions under Stochastic Dynamic
Cooperation, International Game Theory Review, Vol. 6, 2004, pp. 281-289.

D.W.K. Yeung: Nontransferable Individual Payoffs in Cooperative Stochastic Dynamic Games,
International Journal of Algebra, Vol. 7, 2013, pp. 597-606.

Theorem B5. (Subgame-consistent Payoff Distribution Procedure (PDP) for Discrete-time
Stochastic Dynamic Cooperation)

Consider the cooperative stochastic dynamic game Problem with player i payoff

Eoyoror| iy oblpubu ] () +ahaGro () )

and state dynamics x;,; = fi (i, up, uz, -, ul) + 6.

The players agree to maximize their joint expected payoff and share the cooperative gain according to the
imputation &' (k, x;) for player i € N in stage k € k along the cooperative trajectory {x;}%_,. A Payoff
Distribution Procedure (PDP) with a payment equaling

BLG) = L+ &k, xp)

—Eg, (& [+ 1 il G WG, wE ) + 6] ) )
fori €N,
given to player i at stage k € k, if x; € X} would lead to the realization of the imputation {&" (k, xy), for
ieENandk ek},
where
L (x), for k € kand i € N} is a set of strategies that provides an optimal solution to the Problem B5
yielding functions W (k, x), for k € K, such that the following recursive relations are satisfied:

n

k-1
_ j 1.,,2 n 1
W(k,x) = r;lzaxunEgk{ Z gk[x,uk,uk,...’uk]( )
k

bt & 1+7r
+Wlk + 1, fi, (o, ufp, uz, -+, up) + ;] }
n j 1\’
W(T + 1,x) = j=1 q7~+1 (x) (E) . "

References: D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Solutions for Cooperative Stochastic
Dynamic Games. Journal of Optimization Theory and Applications, Vol. 145, 2010, pp. 579-596.

Theorem B6. (Subgame-consistent PDP for Continuous-time Stochastic
Dynamic Cooperation)

Consider the cooperative stochastic differential game Problem with the payoff of player i being
T s
Eto{ f gl[svx(s)ful(s)fuz(s)!'“!un(s)] exp |:_J- T'(y)dy:| dS
to to

+exp [— ftTO r(y)dy] q'(x(D)) } fori € N,
and state dynamics
dx(s) = f[s,x(s), u(s), uy(s), -+, up(s)lds + als, x(s)]dz(s), x(ty) = xo.
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The players agree to maximize their joint expected payoff and share the cooperative gain according to the
imputation f(s)l(s,x;‘) in current value at time s for player i € N intime s € [t,, T] along the cooperative
trajectory {x; §=f0' A Payoff Distribution Procedure (PDP) with a payment equaling

Bi(s,x)=— ¢ e, x|, _ |

-led x| _ | £ls % wils, ) ils, ), i, x)]
— TN (s, x3) [fi?;t((t, xP) t=s] ,
fori € N and x; € X;,
given to player i at time s € [t,, T] would lead to the realization of the imputation {f(s)i(s, x:),fori eN
and s € [to, T}
where
{Y;(s,x), fori € Nand s € [¢t,, T] is a set of strategies that provides an optimal solution to the Problem

B6 yielding functions continuously twice differentiable functions W (t, x):[to,T] X R™ — R, which satisfy

the following partial differential equation:
m

1
W6 0) =5 ) DEEOW ¢ (6) =
hi=1

Ug Uy e

n t

max { E gltxuy uy e uy | exp [—f r(y)dy]
Un - t
j=1 0

+W, (&, ) ft, x,uq, Uy, -, Uy }, and

W(T, x) = Xj-1 ¢’ (x) exp [— [o r(y)dy]- u
References: D.W.K. Yeung and L. Petrosyan: Subgame Consistent Cooperative Solution in Stochastic
Differential Games, Journal of Optimization Theory and Applications, Vol. 120, 2004, pp.651-666.
D.W.K. Yeung and L. A. Petrosyan: Subgame Consistent Economic Optimization: An Advanced
Cooperative Dynamic Game Analysis, Boston: Birkhduser. ISBN 978-0-8176-8261-3, 395pp, 2012.

Theorem B7. (Subgame-consistent PDP for Random-horizon
Dynamic Cooperation)

Consider the random-horizon cooperative dynamic game in which the objective of player i is
7
B{ ) gilwubud ]+ ghyGiren) |
k=1

=50, 0{ Sioi gibnoubub o uf] +qb,Goper) ), fori€n.
The players agree to maximize their joint payoff and share the cooperative gain according to the imputation
& (1, x2) for player i € N in stage 7 € «k along the cooperative trajectory {x;}7_,. A Payoff Distribution
Procedure (PDP) with a payment equaling
Z€=r+1 ¢

Bi(x7) = & (5, %)) = S (0 4 L felxe, Y7 Oo), E (), -+, R ()]

Zg:ﬂgf
0; i .
- m q‘i’+1(ﬁr[x‘rl Ip‘% (x‘r)' ll}'? (x'r): Tty ll}'tr'l(xr)])y forie N,

given to player i at stage T € x would lead to the realization of the imputation &' (z, x;) for player i € N
in stage 7 € k;

where

{Yi(x), for T € Kk and i € N} is a set of strategies that provides a group optimal solution to the Problem 9
yielding functions W (k, x), for t € k, such that the following recursive relations are satisfied:

V(T +1,x) =X, qpeq(0),

W(T,x) = ulzlzaxu”{ j=1 9%[75'11%" uf, - U] + qraafr o up, up, uf, -, up)] }:
TUT UL
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: PR
Wex = max { T, gllvubud - ull+ o alalfCoud,ud, )] |
ul -up {=t"¢

T

+Z§T”; SWit+ 1, f0ubul, - u)] }forre{1,2,,7 -1}, .

References: D W.K. Yeung and L. A. Petrosyan: Subgame Consistent Cooperative Solution of Dynamic
Games with Random Horizon. Journal of Optimization Theory and Applications, Vol. 150, pp78-97, 2011.

Theorem B8. (Subgame-consistent PDP for Discrete-time Stochastic
Dynamic Cooperation under Uncertainty in Payoff Structures)

Consider the randomly furcating cooperative stochastic dynamic game problem in which the objective that
player i is

591.92.---.9T;191.192.-~-.19T{ Yher  gk(ooub,ud, - ulh0) + q' (xreq) } fori e N,

and the state dynamics is

Xg+1 = fk(xk!ullc' u120 1u]rcl) + 19}{1 and X1 = xO .

The players agree to maximize their joint expected payoff and share the cooperative gain according to the

imputation f(”") (k, x;) along the cooperative trajectory given that G,f" has occurred in stage k, for g €
{1,2,---,m} and k € {1,2,---, T}. A Payoff Distribution Procedure (PDP) with a payment equaling

B ) = £ ()

( )i (or)* . %
~E. | Thnaa (€ fer v () va] ) ]
fori €N,
given to player i at stage k € {1,2,---,T}, if 9,‘:" occurs and x;, € X, leads to the realization of the
imputation £ ¥ (k, x) for k € {1,2, -, T};
where

where 70" (x) = (Y70 ()P0 @), - Y () for o € (1,2, and £ € (1,2, T} is
a set of strategies that provides a group optimal solution to Problem B8 yielding value functions

W("‘)(t, x), for o, € {1,2,---,n.} and t € {1,2,--+, T}, such that the following recursive relations are
satisfied:

WO+, =30, @ (),
wer(T, x) = max EﬂT{ P gilx, u(TUT)1 u(T”T)Z,- -u(TUT)"; 6:7]

u;gT)l,ugaT)z,-“, "(raT)n

T (11 e ) 20) )

n

(o1) — { [ (op)1 (Ut)Z (Ut)n ot
W (t, x) Lo0n {?&x (at)nEﬁt Z gl |0 u’ 36,

j=1
1 2
+Zzi:1 ) Ut+1 W(at+1) [t+ 1 ft (x ugo't) ugat) , (O't)n) +19t] } ,
for o, € {1,2, - :Th} andt € {1,2,---,T — 1}. m

Reference: D.W.K. Yeung and L. A. Petrosyan: Subgame-consistent Cooperative Solutions in Randomly
Furcating Stochastic Dynamic Games. Mathematical and Computer Modelling, Vol 57, pp.976-991,
2013.

Theorem B9. Subgame-consistent PDP for Continuous-time Stochastic
Dynamic Cooperation under Uncertainty in Payoff Structures

Consider the randomly furcating cooperative stochastic dynamic game problem in which player i € N
seeks to maximize the expected payoff:

ty
E{ f gl91[s, x(5), 11 (5), u5 (5), -+, U ()] e7"E~t0ds
to
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+ Y 1Zah 1Aa, ft:h+1g[i.9g_h] [s, x(5), uy (5), Uy (5), -+, up (s)]e T ~t0) + e—r(T—to)qi(x(T))},
and the state dynamics is
dx(s) = fls,x(s),u (), uy(s), -+, uy(s)]ds + als, x(s)]dz(s), x(ty) = x,.

The players agree to maximize their joint expected payoff and share the cooperative gain according to the

. . iok, |t
imputation fl[ d T(t,x;‘), fori € N, 7 € [ty, tys1], t € [T, txs1], kK €{0,1,2,---,m — 1}, and egk €

{61, 6,, ..., 0,}. A Payoff Distribution Procedure (PDP) with a payment equaling

L

B,(Q‘I{k)k (1) = — [fz[egk](kﬁ(t, x|t = T]

[Hak](k)r

[f i[ok, oo txD)le = ] f[T,x;,lpl(k)egk('f:x;),lpz(k)egk(f;x;);"‘,Il}r(lk)egk(f.x;)]
__Zn —1Qh{(‘[' 1:) [f (t' X;)

t=‘r]
forie Nand k € {1,2,---,m},
given to player i at time T € [t, tx4+1] contingent upon H,Q‘k € {91,92, ...,en}has occurred at time ¢,

i|ok |k
leads to the realization of the imputation fl[ el )T(t,x;‘), fori € N, T € [ty, tysq], t € [T, tyse], kK €
{0,1,2,---,m —1},and 6}, € {64,0,, ...,0,}.

where

I @ ( Y0k )0k
{u(m)e m(t) = zp.(m)g m(t,x), for t € [t,,T]; () = 1p( k(t,x), for t € [ty tys1] , kK E
{0,1,2,---,m — 1} and i € N}, contingent upon the events 04,,and 9" is a set of controls that provides a

group optlmal solution for the game Problem 11 yleldlng contlnuously differentiable functions

[G(Q"m](m) . K [Hl,fk](k) . K
w &, x): [ty TIXR* > Rand W (t,%): [ty tys1] X R > R for k € {0,1,2,---,m — 1}

which satisfy the following partial differential equations:
n

[Bam](m) (tx) — Z @4t x) W[f&"?](m) (%)

h,{:l
o om om meR
= 0 %Tlax 0 EﬂT{ Z;lzl [} “m[t (t) (m) um’ u;m) am’...,un am ]e—T(t—tr)
ulam,uzam,---, Yam
+W[ am](m)(t x)f [t XU (m) “m.u;m) “m,---,uflm) m } and

W[G“m](m)(T, x) = e "(T~t0) Z;lzl q’(x);

n
ok | 1
"l ‘w0 -3 ) Heow, 1,
hi=1
n X 9
- Z g[w u(k)‘9 (k)e (k) Tk g=r(t=ty)
Bak gak ’ ’ 1 ) 2 ) ) n
u,
5() e"’- 106k, K)6k
+Wx[ el (t,x)f[t.x,u() ,ug) ,(1) ] },and
0k, |t
W[ k] (tir1, %) = 1a W[aa (k)(tk+1:x) fork €{0,1,2,-,m —1}. u

References: L. A. Petrosyan and D.W.K. Yeung: Subgame-consistent Cooperative Solutions in Randomly-
furcating Stochastic Differential Games, International Journal of Mathematical and Computer Modelling
(Special Issue on Lyapunov’s Methods in Stability and Control), Vol. 45, June 2007, pp.1294-1307.

L. A. Petrosyan and D.W.K. Yeung: Subgame Consistent Cooperation — A Comprehensive Treaties,
Springer 2016.

Theorem B10. (Subgame-consistent PDP for Random-horizon Stochastic
Dynamic Cooperation under Uncertainty in Payoff Structures)
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Consider the uncertain horizon randomly furcating cooperative stochastic dynamic game problem in which
the objective that player i € N is

Eoy0-bmiontgon | L1 @r| Zhor  ghbooubud e w6 ] +q' Gra) |,

and the state dynamics is

Xer1 = fie Gt U U o UR) + 0, %y = x°

The players agree to maximize their joint expected payoff and share the cooperative gain according to the
imputation & ¥ (k, x};) = [f(”")l(k, ), £ (e, x), ---,f(”")”(k,x,’g)] along the cooperative trajectory
given that 6, * has occurred in stage k, for o, € {1,2,-,m,} and k € {1,2,---, T}. A Payoff Distribution
Procedure (PDP) with a payment equaling

B(Uk_)l(x*) _ (O'k)l(k' X)) — Eﬂk{ Qk+1 [fk <xk’ (O'k)*(x}:)> + ﬁk]

+ﬁzﬁ’;ﬂ_1lﬁ? ""*“[k+1,fk(xk, ) + 0 ),

given to player i € N at stage k € {1,2,-+,T} if 6, € {8},62,-+,6,} occurs would lead to the
realization of the imputation:
£ U 1) = [ e, 1), €92 (e, )+, €O M kx| L for g€ {12,m) and ke
{1’2’...’7‘};
where

R () = [IIJ(J")“ ) WO (x), ("")"*(xk)] for k e k and i € N is a set of controls that

provides a group optimal solution to the Problem B10 yielding functions w (t,x), foro, € {1,2,---,1:}
and t € {1,2,---, T}, such that the following recursive relations are satisfied:

W(UT+1)(T +1,x) = ?:1 q§'+1(x),
n

wr(T, x) = ,max Eﬁr{ Z g{(x,u%,u%,-..,u?;egr)
uTu U -
j=1
AWOTIT £ 1,y b 1, ul) +07]

n
(07) j
W (r,x) = max nEﬂT{ Z g1 (x, ul,u?, - ul; 077)

Uz, Uz, ug =
J=

- ;

+ Z?:l T Tw q-i+1[ﬁr(x' u11." u12." Y u?) + 19‘[]
=1 9¢

Z’g:-H.lw{ n 0. (o ) 1 2
+ == TR WTTY T+ 1, L C ul, uz, e, ult) + 9] }

ZT=-,_-ET( or41=1"7+1
forte{1,2,---, T —1}. n
Reference: D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solutions For Randomly
Furcating Stochastic Dynamic Games With Uncertain Horizon. International Game Theory Review, Vol.
16, pp.1440012.01-1440012.29, 2014.

Theorem B11. (Subgame-consistent Solution Mechanism for Dynamic Cooperation under Non-
transferrable Payoffs (NTU) )
Consider the non-transferrable payoff/utility (NTU) cooperative dynamic game problem in which the
payoff of player i € N is
Z£=1 i (o Ui, Ui, -+ ui) + q* Cergn),
and the state dynamics is xy,; = fi (xi, Ui, uz, -+, ul).

The players agree to use a set of payoff weights {@, = (&%, az,---,ap), for k € k} for joint maximization
of the weighted joint payoff so that the imputation &' (k, x;) for player i € N in stage k € « along the
cooperative trajectory {x;}%_, can be achieved.

A set of payoff weights {@, = (@}, &2,---,a&D), for k € k} and a set of strategies {w(“")‘(x), for
k € k and i € N} provides a subgame consistent solutlon to the above NTU cooperative dynamic game if
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there exist functions W(a")(k,x) and W(a")i(k,x), for i € Nk € k, which satisfy the following recursive
relations:
wETHNT 4+ 1,x0) = g (),
n
W)= max '@ gl ub g up)
upuZ,ul £
Jj=1
+ 27 &’ w @1 [k + 1, fi o, ut, uz, -, ud)] };

W(“k)l(k X) _ gk (x w(ak)l( ) lp(“k)z( )'...’ (“k)n( ))

Ly @) [k+ 1 f, (x w(akn( ), l'b(aek)z( ), (ak)n( ))]
fori e Nand k € k;
and &' (k,x;) is the imputation for player i € N in stage k € «,
where the value function W(a")i(k, x) is the payoff for player i € N in stage k € x under cooperation. m

Reference: D.W.K. Yeung and L.A. Petrosyan: Subgame Consistent Cooperative Solution for NTU
Dynamic Games via Variable Weights, Automatica, 2015.

Theorem B12. (Subgame-consistent Solution Mechanism for Stochastic Dynamic Cooperation
under Non-transferrable Payoffs (NTU) )
Consider the non-transferrable payoff/utility (NTU) cooperative stochastic dynamic game problem in
which he payoff of player i € N is

Eel,ez,-~-,eT{ Z§=1 gé[xg, u},u?, e, uz, x{+1] +q" (xr41) } }
and the state dynamics is xj,1 = fi O, Ub, Uz, -+, up) + Gy () O

The players agree to use a set of payoff weights {@, = (&%, az,---,ap), for k € k} for joint maximization
of the expected weighted joint payoff so that the imputation &' (k, x;,) for player i € N in stage k € k
along the cooperative trajectory {x;}%_, can be achieved.

A set of payoff weights {&, = (@}, &2,---,a&p), for k € k} and a set of strategies {1/;(“")‘(x), for
k € xand i € N} provides a subgame consistent solution to the above NTU cooperative dynamic game
B12 if there exist functions W(a")(k,x) and W(a")i(k, x), for i € Nk € k, which satisfy the following
recursive relations:

wETT 41, %) = qi (ersn),

n
W(“k)(k x) — max Eek [ Z (’l\j g,’;(x,u}(,ui,"',uﬁ)
Uy —

uku
+z§‘:1&,éw("‘k“”[k+Lfk(x,u,i.ui,---,uz)+Gk<x)ek] [:
W' x) = B, { g (20 (0,0 0, 9" 0
AW O i 1, £ (9™ @0, 00, @) + Ge@a] ),

fori e Nand k € k;

and &' (k, x;;) is the imputation for player i € N in stage k € k,

where the value function W(a")i(k,x) is the expected payoff for player i € N in stage k € x under
cooperation. [

Reference: D.W.K. Yeung and L.A. Petrosyan: On Subgame Consistent Solution for NTU Cooperative

Stochastic Dynamic Games, paper presented at European Meeting on Game Theory (SING11-GTM2015)
at St Petersburg, July 8-10, 2015.

Theorem B13. Hamilton-Jacobi-Bellman Equations for Dynamic Games with Durable Controls
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Let (wy', ;") be the set of feedback Nash equilibrium strategies and V* (k, x; @;~ ) be the feedback Nash
equilibrium payoff of player i at stage k in the non-cooperative dynamic game where the payoff of player
i € Nis
o1 G (o We e e )8F + @1 (X415 Brany- )67+
and the state dynamics is
X1 = fie(X0 Wi Tes ), x; = x7,
fork € {1,2,---,T}.
Then the function V' (k, x; @) satisfies the following recursive equations:
VAT + 1,2 8(740)-) = Qe (6 Z740)- )81

. . o 2 ee(el)
Vi (k,xups) = max{ gk (x, uk, u}c,u;*( 2 u**( D, g W )6f
1 =l _
ul, U,

4yl [k +1, fi (e, ul, i, u}*{*(::z) —wx(20), sy )il ﬂ,*(*(xl) Wy N ] }7
fork € {1,2,---,T}andi €N,
where u(il)** _ (ullc**'ufc**' ,uk—l**' u,i(+1**, . n**) and

_(qtz)** (u1** alzc**’. allc 1% ﬂ,l(+1**,' az** . -

References: D.W.K. Yeung, L.A. Petrosyan (2020): Cooperative Dynamic Games with Durable Controls:
Theory and Application, Dynamic Games and Applications,

D0i:10.1007/s13235-019-00336-w.

9(2), 550-567, 2019, https://doi.org/10.1007/s13235-018-0266-6.

D.W.K. Yeung, L.A. Petrosyan (2019): Cooperative Dynamic Games with Control Lags, Dynamic Games
and Applications, 9(2), 550-567, https://doi.org/10.1007/s13235-018-0266-6.

Theorem B14. Subgame-consistent PDP for Cooperative Dynamic Games with Durable Controls
Consider the cooperative game in which the payoff of player i € Nis

Y k=195 (xk'uk' Up; Uy )51 + qT+1(xT+1'u(T+1) )51 ,
and the state dynamics is
Xexr = fie (e e s ), X = xp.
The agreed-upon imputation & (k, x;; @;_), for k € {1,2,--, T} along the cooperative trajectory {x;}r—1,
can be realized by a payment
Brs ) = 6O & (ko) =& (0 k+ Ll o B L) Bsny- ) |
given to player i € N at stage k € {1,2,---,T}.
References: D.W.K. Yeung, L.A. Petrosyan (2020): Cooperative Dynamic Games with Durable Controls:
Theory and Application, Dynamic Games and Applications,
D0i:10.1007/s13235-019-00336-w.
9(2), 550-567, 2019, https://doi.org/10.1007/s13235-018-0266-6.

D.W.K. Yeung, L.A. Petrosyan (2019): Cooperative Dynamic Games with Control Lags, Dynamic Games
and Applications, 9(2), 550-567, https://doi.org/10.1007/s13235-018-0266-6.
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Theorem B15. Hamilton-Jacobi-Bellman Equations for Dynamic Games under Random Horizon
and Durable Controls

Consider the random horizon dynamic game in which player i € N seeks to maximize

7
E{ Z Gie (i W Thge; T ) OF +qif+1(xf+1iﬂ(f+1)—)51ﬂl }

k=1

= ¥t=1 9?{ Sher k000 Wo T B )8F + g (X405 Birany)- )67 } LEN,
subject to the dynamics
X1 = fie(Xier Wier s W), X = %7,
where the state x, = x with previously executed controls @,_ by all players.
Let {u;*, ﬂ;*} denote the set of the players’ feedback Nash equilibrium strategies and V* (‘L’, X; 11;*_) denote
the feedback Nash equilibrium payoff of player i in the above non-cooperative game, then the function
V' (z,x; u;r) satisfies the following system of recursive equations
v (T +1x; 23?1)—) = qiT+1(xi Ea"i_'_l)_)é'{"'l,

Vi(T,x;a5) = max{ giT(x,uT,uT,u(Tﬂ)**,E(T#)** 1)o7

i i - ¢**-¢** ** FL)k*k = kx
+qlT+1[fT(x,u‘T,uT,u(T ) U ( ) ur); uT:U(T D yUreny- NUr- Js* },
Vi (r,xu) = max{ (o, ud, il u(ﬂ)** a(’“)** )87
») 2T — ul ﬁl gT T YT 2 ' 2T 1
YT
6. i (Fi)*x - (+ )** (¢ D)k — ok
+ZE Tg{ qé+1[ff(x,ur,ur, Ur ' yUr ' ) urr ' yUy- N a;z ]‘STH
=T
S=r410¢ i 1 i i PO D (e gon
+m [‘r+ ,fr(x,ur,ur,ur Uy ur_) ur,ur Urs1)— N iz ] ,
forte {1,2,---,T —1}andi € N,
where u*9* = wr\ui* and a9 = wr\al. n

References: D.W.K. and Petrosyan, L.A.: Generalized dynamic games with durable strategies under
uncertain planning horizon, Journal of Computational and Applied Mathematics, 395 (2021) 113595.

Theorem B16. Subgame-consistent PDP for Cooperative Dynamic Games under Random Horizon
and Durable Controls
Consider the random horizon cooperative dynamic game in which the payoff of player i € N is

T

E{ Z glic(xkrﬂk'ﬂkiﬂk—)(sf +Q%+1(XT+152(T+1)—)51T+1 }

k=1
= Z§=1 9?{ %:1 glic(xk'ﬁk'ﬂkiﬂk—)af + Q%+1(xf"+1F2(f+1)—)6I+1 }, L EN,
and the dynamics is

Xk+1 = fk(xkl la_kl;k )1 X1 = x?.
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The players agree to cooperate and the agreed-upon imputation is f(k, x5; g;_), fork € {1,2,---, T} along
the cooperative trajectory {x;}T_,. The agreed-upon imputation f(k, x;;g;_) can be realized by a

payment equaling

[ = - i *, =% % [ * — %
BiGeiimi) = D7 (6 ri B = g b (e B DO
{=t

2:’g=‘l.’+10< i * - x
_—2?—195 '3 (T+1:xr+1iﬂ(r+1)—) )'

givento player i € N at stage 7 € {1,2,---,T}. [
References: D.W.K. and Petrosyan, L.A.: Generalized dynamic games with durable strategies under
uncertain planning horizon, Journal of Computational and Applied Mathematics, 395 (2021) 113595.

Part C: Identities and Equations in Economics

C1l. Inter-temporal Roy’s Identity

Consider the consumer problem in which the consumer maximizes his inter-temporal utility
ub (%2, ) + Do, 65 uk (ak, 2, 1K)
= u! () + Xhop 65 u¥ (1) = Yoy 65 1 ()
subject to the budget constraint characterized by the wealth dynamics
Wik = Wi = 27 piexie +7(Wie = X35, Rx) + Yien, Wi = WY,

where
xi = (xi, xZ, -+, x,¥) is the vector of quantities of goods consumed in period k, py = (pt,p2, -, pr¥)
is price vector, r is the interest rate, and Y, is the income that the consumer will receive in period k.

The Roy’s Identity of the above inter-temporal utility problem can be formulated as:

v’ WY, pp,pevs,pr) 0V (WP, 0 Deva, 1)
6p,{ ' ow;
= —(1+ 1) 0] (WL, pjp Prsr, -+, Pr):
or in an alternative form
v’ (Wfo' Do Des1, " Pr)
6p,{
= _d’;{(Whor D Phs1s**» P1);

for £e€{1,2,---, T}, he{t,£+1,--,Trandj € {1,2,--,m,},
where

avh (Whol Pn Ph+1r " pT)
W

. sh
- 5€+1

Wg b W(O,
Wf0+1 =1+r) (Wfo =P + Yera,
Wpy = A+ 1) Whi = Pes1®rsr) + Vi

Wy = A +1r)(Wy_y — Ppo1Pn-1) + Y m
References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.
D.W.K. Yeung: Optimal Consumption under an Uncertain Inter-temporal Budget: Stochastic Dynamic
Slutsky Equations, Vestnik St Petersburg University: Mathematics (Springer), Vol. 10, 2013, pp.121-141

C2. Inter-temporal Roy’s Identity under Stochastic Life-span

Consider the consumer problem in C1 with the consumer’s life-span involves T periods where T is a
random variable with range {1,2,---, T} and corresponding probabilities {y;, ¥, ---, ¥r}. Conditional upon
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the reaching of period t, the probability of the consumer’s life-span would last up to periods 7,7 + 1, -+, T

becomes respectively
)43 Yi+1 | Yr

SR Y RTINS S
The consumer maximizes his expected inter-temporal utility
Z;:l V7 k=161 u” (%),
subject to the budget constraint characterized by the wealth dynamics

Wip1 =Wy — 22’21 pl?xlicl + r(Wk - Zzlilpl?xl’cl) + Yiy1s w, = Wlo'

The Roy’s identity of the above inter-temporal utility problem is formulated as:

an (W{’O' PerPeo+1,°" pT) . av€ (Wé’ov PorPe+1s pT)
6p,{ . ow;
= —(1+ 1) 0] (WL, pyy Phsr, - P1);
or in an alternatively form:
avf (W{’Ov Do Do+ !pT) . 6h avh (Whol Pn Ph+1r " !pT)
ap,{ S owy

T

D7

=_¢=h ¢,{(Wh0.Ph;Ph+1:"‘:pT);
27
¢=t

for ¢e€{1,2,--, Tthe{#,£+1,---,T}andj € {1,2,---,n;,},

where
W[ = W{;O,
W€0+1 =1+r) (W[() —0ebe) + Yerq,
Wiy, = L+ r)YWhy = rsadest) + Yera,
WR = +1r)We_y = pro1Pn-1) + Y u

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Optimal Consumption under Uncertainties: Random Horizon Stochastic Dynamic Roy’s
Identity and Slutsky Equation, Applied Mathematics, Vol.5, 2014, pp.263-284.

C3. Inter-temporal Roy’s Identity under Stochastic Income
Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility

T k. k 2 n — T k., k
592,93---,9T{ k=1 1 U" (X xg, o, 2 ") }—E92,93,~-~,9T{ Lje=1061 u" (x50) }

subject to the budget constraint characterized by the stochastic wealth dynamics

Wisr = A+ 1) Wy = prexie) + Oppr, Wy = WY,
where
6, is the random income that the consumer will receive in period k; and 8,, for k € {2,---, T}, is a set of
statistically independent random variables, and Eq, g, ... ¢, is the expectation operation with respect to the
statistics of 6,,05,":+,0r.

The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:

v’ (WP, pe.pess, -+ pr) | 0v" W2, pprsr, -, pr)
apji . ow;
= —¢) (WY, pe,Prvr, -+, pr), for j € {12, my);
v’ (W7, pe,prss, -+ pr) _ 0v" (W, b Prsr, -, Pr)
6p,1; . owy
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w. +1 T+

91'£+191'(+2_,,9{h >
4
g D

avh <
. . . h
- _ Zmi+1 /11€+1 Zm€+2 /11€+2 th /1;1’1 5f+1

Je41=174+1 Hjpyp=1"4+2 jn=1

Jer1gieva. gln
ow, +1 Y0+1 h
o gltrrglerz gln
¢£(Wh +1 Tl+2 h ,p)(1+r)_(h_[)
x gWir1gWi+2  gWh—-1 \?

avh Wh +1 +2

mg Wer1 g wy My W o
D X e T oV +1gWirz. gWih-1
awh[+1 +2 h-1
for £e€{1,2,---,T}he{f+1,¢+2,---,T}andj € {1,2,---,7n,},
Jev1giev2. gin

h glt+1gier2. gin . \ 0 .
and v* | W, “** "¢ p |is the short form for v { W, " T2 pypy o ),

where
_ 0
w,=wy,
‘9{{“1 0 0 Je
+1 +1
Vl/g_,_l = (1 + T')[W{ - p€¢€(W{’ 'p)] + 9[+1 )
9£€+19;’€+2 9{1;€+1 9{1;441 i
+1 Y2t _ +1 +1 +2
W2 =1+ Wit —Per1bert W70 o0 || + 00457
Jev1gie+2. . oiT Jev1pgle+2. pJT-1 Jev1gie+2. piT-1
gltriglera g glt+2..9 pltiglt+z. g ;
r+1 Y2 T _ +1 Y42 VT +1 Yp+2 T ir
WT =({1+7r) WT_1 —Pr_1Pr_1 WT_1 )] +0;. |

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Optimal Consumption under an Uncertain Inter-temporal Budget: Stochastic Dynamic
Slutsky Equations, Vestnik St Petersburg University: Mathematics (Springer), Vol. 10, 2013, pp.121-141.

C4. Inter-temporal Roy’s Identity under Stochastic Income and Life-span
Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility

E92,93,-~-,9T+1{ Yro1Vr Zhe1 0F U (x) }
subject to the budget constraint characterized by the wealth dynamics
Wirr = Wi = T8, o + 1 (We = Tk, o) + 6pen, Wy = WY,
where
6, is the random income that the consumer will receive in period k; and T is a random stage that the
consumer would live.

The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:
617[ (Wfol PerPeo+1,"" pT) N avl (W{’O' PoPe+1r " pT)
ap; . owy
= _¢{{ (Wfol PerPe+1," pT)! forj € {1'21 Y n[}y
v’ (WY, pppess, o pr) 0V (WP, pppess, Pr)

apk owp
Jer1gitv2. gln
- glt+1glt+z. g
Je+1 Mpy2 mp avh W, T2 h Y i i i
Jes1 Je+z jn sh § k eéﬁle;ﬁ;z'“eih
- Z /1’?+1 Z /1“'2 Z Ah 6“-1 9j€+19fé’+2...9jh ('bh (Wh 'p)(l
Je+1=1 Jogo=1 jn=1 6Wh +1 Y42 h
+ 1)~ =0

Wet1gWet2, | gWh
w, t+1 42 h ,p>

61/'(
. Me+1 Wet1 \VMp+2 Wet2 mp Wh oh
[ Ee A B AR e B A 8

Wpp1=17"0+1 Wpp=1""0+2 wp=1 9W£+19W£+2m9;"/1 ]'

4 +2
- - aWh +1 +
or in an alternative form:
£ 0
v (W7, ppPesrs*» Pr)
apf
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Jer1giev2. gin
0 0 @
w, t+1 42", ,p)

v’ . . .

27(;’1]/5 Mey1  Jer1 yWMevz  HJes2 mp 4jn oh < k Gzﬁleé{fz-z”'gih .

Ty z:]'4»4,1:1’1¢’+1 z:]'4»4,2:1’1%2 "'Zjh:1’1h o1 Jtr1gitr2. glh én \ W, D
¢=¢¥¢ aw, t+1 Y2 Y

for €{1,2,--, THLhe{f+1,£+2,---,T}and k € {1,2,---,n,},

Jer1gierz  gln

h ef{ﬁlef{gz l];h H h st sz h
and v"* | W, ,p | is the short form for v* ( W, /95 JRTRLLEY T B

where

— 0
w,=w,,
9#“ 0 0 je
1 _ +1
VV{J+1 - (1 + T) [Wf - pf(pf(W(’ :p)] + 954_1 y
9££’+1 ;'é’+2 9{1;€+1 9{1;{41 ;
+1 o2 _ +1 +1 t+2
W2 =1+ Wit —Per1bert \Wo 70 o0 || + 05457
Je+1gie+2. giT Jev1pled2. piT-1 Jer1gie+2. piT-1
glt+igle+a. g glt+iglet2 g gle+1gletz. g ;
£+1 U442 T _ 2+1 042 T-1 £+1 042 T-1 T
WT —_ (1 + r) [WT—l - pT—1¢T—1 (WT—l )] + 97—- . | |

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Optimal Consumption under Uncertainties: Random Horizon Stochastic Dynamic Roy'’s
Identity and Slutsky Equation, Applied Mathematics, Vol.5, 2014, pp.263-284.

C5. Inter-temporal Roy’s Identity under Stochastic Preferences
Consider the consumer problem in which the consumer’s future preferences are not known with certainty.
In particular, his utility function in period k € {2,3,---, T} is known to be uk(“")(xk) with probability p:k
for v, € {1,2,---,m,}. We use i to denote the random variable with range v, € {1,2,--,7,} and
corresponding probabilities {p, pZ, -+, pp"*}.
The consumer maximizes his expected inter-temporal utility

7 k
592,93,~~,9T{ Y1 ZL’Z‘:l PRk 6fu (vk)(xk) }
subject to the budget constraint characterized by the wealth dynamics
Wierr = Wie = Tk piexit +r(Wie — X305 piexit) + Yieen, wy = wy.
The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:

2(vg) . o 2(vg) 10 .
v (w/,p) N ov (wp.p) = _¢{EU€)] (W{)o’p), forj € {1’2, - n[},

_ : 5
v} owy
2(ve) 110 2(vg) 1,0
v (W) Lo “(wip) - _ Zﬁlfﬂ Uegr ez Vesz |
apk : WO vrs1=1Pe+1 Zivpy,=1Prt2
h i ?
ik h(Up) (Y17 V041 Vh-1
. Ui gh dv (VVh ’p) (wn)k (WU€U€+1“'”h—1 )1+ 7,)—(h—l,’)
Py Op+1 QW V1 Vh-1 h h P
vp=1 h

_ i ) 6vh(wh) WP+ T -1 p)
- Zm€+1 Wota Zm€+2 Dotz |, th Wh (Sh h ’ .
' Wppq1=1 Pe+1 Wppp=1 Ptz wp=1 Pn £+1 athé’wé’+1"'wh—1 !

or in an alternative form

2(vg) 0 ~ )
o (wg'p) —— Zml+1 Ul+1 me+2 Vivz
ow? = vip1=1 P41 Livgpyr=1Pri2
_ h(vp) (1), VeVe+1 Vh-1
R VR ghit o (wy »)

Up41=1 Pr Op41 aW;e”e+1“‘”h—1 (1 + r)h_f;
for £€{1,2,--, T}, he{#+1,¢+2,--,TH ke{12,:,n,}and v, € {1,2,-,m,},
where
W[ = W(O,
Wt = @+ )W —pp ) (W2, p)] + Ve,
Wt = (41 (W = penadgi (W0 p) | + Yewa,
if preference is u“l(v"“)(xﬂl) in period ¢ + 1;
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@ )
mlif;}f+1vl’+2 =(1+7) [%vfzveﬂ _ p{+2¢#z{’2+1 (Wf?zv“lvp)] + Y5,

if preference is u“z(”m)(x“z) in perlod {+2;

W;’ewﬂ Vr-1 _ (1 +7) [WU€U€+1 VT2 _ pr_ 1¢(UT 1)(WTU_[;)€+1-~UT—Z ]+ Yy
if preference is u’ - 1(u"“)(xT 1) inperiod T — 1;

WTU_f’lvl’+1"'”T (1 +r)[ WYEVEF1VT-1 PT¢£U )(WTveve+1"‘vT—1)] + Y, = 0. -

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Random Horizon Stocahstic dynamic Slutsky Equation under Preference Uncertainty,
Applied Mathematical Sciences, Vol. 8, 2014, pp.7311-7340.

C6. Inter-temporal Roy’s Identity under Stochastic Life-span and Preferences
Consider the consumer problem in which the consumer’s future preferences are not known with certainty.

In particular, his utility function in period k € {2,3,---, T} is known to be uk(”")(xk) with probability p;”"'
forv, € {1,2,---,m;} if he survives in period k. We use Uxto denote the random variable with range v, €

{1,2,---,m,} and corresponding probabilities {p,ﬁ, PR ) Py "} The discount factor is embodied in the
utility function.
The consumer maximizes his expected inter-temporal utility

- K
592,93,~-~,9T{ PN Y vakk PR Sk @i (xx) }

k(vg)
= Eg0500] 0P +Th, v B, Iok, prkslu" P )
subject to the budget constraint characterized by the wealth dynamics

Wierr = Wie = Zpk piexit +r(Wie = 205 pitxit) + Yern, Wy = wy.
The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:

6v€(v€) (W{;O,p) . (Uf) (W{; p)
ap} T Wy

2(ve) 1,0 2(vp) 11,0
i (wg'p) . v (we'p) - _ me+1 Vet ZmHz Urtz |,
awp = vepr=1Pe+1 Zwp,=1Pr+2

T (WP, p), for j € {1,2,-+,1),

apl,f
Mh h(vh) T IeREY)
W +1Up—1 p)
Uh oh ( ’ (Un)k VgUpt1Uh—1 h—C
ph 5€+1 an[le Vp—q (W p)(l +T) k=0
vp=1 h
W(@y) (1, D@41 Tp—1
- Zm€+1 Wota Zm€+2 Wot2 _'th Wh (S v Wi ,p) .
: wWppq1=1 Pei1 Wppp=1 Ppia wp= 1Pn £+1 athé’wé’+1"'wh—1 '
or in an alternative form
2(vg)
(W, p) — Z{ hYg Zml+1 Vi41 ZmHZ Uryz |,
ow? R Rt Pri1 Zuppp=1Per2 -

avh(vh) (W:€”€+1‘“”h—1‘ )

m -t
“'thi:l 1ph "or ow, TV VRt P+
for £€{1,2,--, T, he{f+1,£+2,---,T}, ke {1,2,---,n,}and v, € {1,2,---,m,},
where
Wg wp,
wet =1 +r)[w - Prq»"(vr)r(wr )]+ Vg,
WU€U€+1 1 (ve+1) th’ Y,
42 (1+1)|W, €+1 pf+1¢t’+1 ( €+1'p) t Yeia,
if preference is u“l(v"“)(xﬂl) in period ¢ + 1;
mlit’:t’ﬂvhz — (1 + T') [WWW’H _ p[+2¢(vt’+1) (W”t’”fﬂ'p)] + Y[+3y

£+2 £+2 £+2

if preference is u“z(”"”)(xﬁz) in perlod {+2;

W;JJWH UT-1 _ (1 +T‘) [WU€U€+1 VT2 - Dr 1¢(UT 1)(Wv_e11)g+1-~vr—2 ]+ Yr:
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if preference is uT_l(U"“)(xT_l) in period T — 1;

WTU_f’lvl’+1"'”T = (1+7) [WTU€U€+1"‘”T—1 _ PT¢£U )(WTveve+1"‘vT—1)] + Y, = 0. -

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Random Horizon Stocahstic dynamic Slutsky Equation under Preference Uncertainty,
Applied Mathematical Sciences, Vol. 8, 2014, pp.7311-7340.

C7. Inter-temporal Roy’s Identity under Stochastic Income and Preferences
Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility

q k(vg)
592,93,~-~,9T{ k=1 vakkzlpzk SFu* () }

7 k
= Egypp0r] W00+ ET, IOk slu" () )
subject to the budget constraint characterized by the wealth dynamic
Wip1 =Wy — 2221 prxp + r(Wk - 2221 Pl’clxl’cl) + Ok11, wy =Wy,
where 8, is the random income that the consumer will receive in period k.
The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:

2(ve) 110 2(vg) 0
v (wpp) v (wpp) _ (vp)j 0 . -
api - aW{;O = _¢[ (W{’ 'p)v for] € {1'21"':”’[}1
6v[(U[)(W[0,p) N 6v€(v€)(Wg0,p)

— VM1 Jerr Mtz derz TR 9 dh yU+1 Ve y U2 V2
P : awp = =X At Djpe1 Aexn R A D=1 Prrt Zuggae1Pran

Jer1glevz. gin
e 0 ollr2 gty
v ( h)(wh +1 V642 h v+ h 1,p
Mmp Uh oh
th=1 Pr Or+a

Je+1 it J
o OEr L O 0 evpe v
. . h
Je+1gle+2  plh
Wik 11,041 Opiz O VeVe+1 " Vhoa —(h—C
x W, ,p)(A +1)"¢=0

h
Meyq My mp My My my,
- Wit Wet2 ||, Wh Wet1 Witz |, Wp
: [ E Aert E Ariz E Ay E Pria E Piiz E Py
Weep=1 Weyp=1 wp=1 D41=1 Wep2=1 @;=1

Wet1gWie+2 | gWh
h 6, 2] -0, hwwpyp @y
v (wh)<Wh +1 Ue+2 h (917 %h 1.p ]

h
X 5l+1 oWtr1gWit2 d

BWh +1 +2
or in an alternative form:

w
0, @@y

av{z(w) (WO ) Myt ' Mey2 . mp . My Mey2 my
b)) _ Ao Aoz L Vps1 Ver2 |, Up
ap~ = 41 142 h Pr+1 P2 P
h Jev1=1 Jev2=1 jn=1 Vep1=1 V42=1 vp=1
Je+1gie+2. glh.
av”(”h)<wh9“1 Oy 0, 'Uf“f’+1'”vh—1‘p

h
6f+1

Jev1pgiev2, pln.
(wpk W95+1 Oz 0) VU1 Vp—1 .
Jer1 gl gln h h D)
v e )
h

for £e€{1,2,--, T, he{f+1,£+2,---,T}, ke {1,2,---,n,}and v, € {1,2,---,m,},
where

W[ = W[O,

gtj’ﬁlivf 0 0 Je+1
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if preference is u“l(v“l)(x“l) in period ¢ + 1;
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if preference is u{”(”"“)(xﬂz) in period ¢ + 2;
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C8. Inter-temporal Roy’s Identity under Stochastic Income, Life-span
and Preferences
Consider the consumer problem in which the consumer’s future income, preferences and life span are not
known with certainty. The consumer maximizes his expected inter-temporal utility

7 ; K
Eg, 6,01 { YoV Dkt vak’c:l Pk 8Fu @i (xx) }

T 1 k
= Eoyppr] W00 +Thvr 8l Tok, o sld P (),
subject to the budget constraint characterized by the wealth dynamics
Wirr = Wi = .5, oot + r(Wie = Z3%, pkxk) + Open, Wy = WY
The Roy’s Identity of the above stochastic inter-temporal utility problem can be formulated as:
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W[ = W(O,

0,54 v 0 0 Jevt
W, = A+, —pd@) (W7, p)] + 07,7,

91'4+191'€+2;v€v€ 9f€+1;w ( ) 9f€+1;w .
Wyt 7 T = () W T = e (WL [+ 60

56




if preference is u’ " *“*+? (x,, ) in period £ + 1;
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C9. Dynamic Slutsky Equation

Consider the consumer problem in which the consumer maximizes his inter-temporal utility
1 (.1 .2 n T kok(,1 .2 ny
u (xl,xl,-~-,x11) + D=2 05U (xk,xk,-~~,xk )

k k
=u' (1) + Th=z 65 u" () = Thmy 61 1" (i)
subject to the budget constraint characterized by the wealth dynamics
— n h..h n h..h —
Wierr = Wi = X038 v + (Wi — 305 piexie) + Yiwr, Wy = WY,

where
xi = (xi, x2, -+, x,¥) is the vector of quantities of goods consumed in period k, py = (pt, p2, -, pr*)
is price vector, r is the interest rate, and Y, is the income that the consumer will receive in period k.

The dynamic Slutsky Equation of the above inter-temporal utility problem can be formulated as:

h ,\W,O
0 W7, pe Pess,,pr) _ 9% (vz PoPrsrs ""PT)

op;, ap;
R(1y,0 )
— 20LWEDED L1 P1) ) (W0, e, pp) (14 1) D,
1
forje{1,2,---,n,andk e {¢,¢+1,---,T}. [
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Slutsky Equations, Nova Science Publishers, New York, 2015.
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Slutsky Equations, Vestnik St Petersburg University: Mathematics (Springer), Vol. 10, 2013, pp.121-141.

C10. Dynamic Slutsky Equation under Stochastic Life-span

Consider the consumer problem in C1 with the consumer’s life-span involves T periods where T is a
random variable with range {1,2,---, T} and corresponding probabilities {y,, y,, -*-, ¥r}. Conditional upon
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the reaching of period t, the probability of the consumer’s life-span would last up to periods 7,7 + 1, -+, T

becomes respectively
)43 Yi+1 | Yr

SR Y RTINS S
The consumer maximizes his expected inter-temporal utility
Z;=1 ]/T %:1 5{( uk (xk):
subject to the budget constraint characterized by the wealth dynamics
Wis1 =Wy — Z;llil prxi + T(Wk - ZZL plfclxlfcl) + Yt wy = Wwy.
The dynamic Slutsky equation of the above stochastic life-span is formulated as:
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References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.

D.W.K. Yeung: Optimal Consumption under Uncertainties: Random Horizon Stochastic Dynamic Roy’s
Identity and Slutsky Equation, Applied Mathematics, Vol.5, 2014, pp.263-284.

C11. Dynamic Slutsky Equation under Stochastic Income

Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility

T k. k 1 .2 n — T k. k
E92’93...,9T{ k=161u (Xk,xk,"',xkk) }—EQZ'Q&...’QT{ Zk=151u (Xk) }

subject to the budget constraint characterized by the stochastic wealth dynamics

Wipr = A+ )Wy = pexie) + Opp, Wi = WY,
where
6, is the random income that the consumer will receive in period k; and 8,, for k € {2,---, T}, is a set of
statistically independent random variables, and Eq, g, ... g, is the expectation operation with respect to the
statistics of 6,,65,":+,0r.

The dynamic Slutsky equation of the above stochastic inter-temporal utility problem is formulated

as.
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for £e{1,2,--, T—1}ke{k+1,k+2,---,Ttandj € {1,2,---,n;}. [

References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
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C12. Dynamic Slutsky Equation under Stochastic Income and Life-span

Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility

E92'93."'.9T+1 { Zg:l 145 7l:=1 6{{ uk (xk) }1
subject to the budget constraint characterized by the wealth dynamics
Wirr = Wie = Zp% ot + (Wi = Zhk pRxi) + Open, Wy = WY,
where

0, is the random income that the consumer will receive in period k; and T is a random stage that the
consumer would live.

The dynamic Slutsky equation of the above stochastic inter-temporal utility problem is formulated as:
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m References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.
D.W.K. Yeung: Optimal Consumption under Uncertainties: Random Horizon Stochastic Dynamic Roy’s
Identity and Slutsky Equation, Applied Mathematics, Vol.5, 2014, pp.263-284.

C13. Dynamic Slutsky Equation under Stochastic Preferences

Consider the consumer problem in which the consumer’s future preferences are not known with certainty.
In particular, his utility function in period k € {2,3,---, T} is known to be uk(”")(xk) with probability p,lc”‘
for v, € {1,2,---,m, }. We use i to denote the random variable with range v, € {1,2,--,7,} and
corresponding probabilities {p, pZ, -, pp*}.

The consumer maximizes his expected inter-temporal utility
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subject to the budget constraint characterized by the wealth dynamics

Wisr =Wy, — Zh 1kak + r(Wk - 2221 pliclxl{tl) + Yy, wy =Wy,
The dynamic Slutsky equation of the above stochastic inter-temporal utility problem is formulated as:
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References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.
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Applied Mathematical Sciences, Vol. 8, 2014, pp.7311-7340.

C14. Dynamic Slutsky Equation under Stochastic Life-span and Preferences

Consider the consumer problem in which the consumer’s future preferences are not known with certainty.
In particular, his utility function in period k € {2,3, -+, T} is known to be u*“¥ (x,.) with probability p>*
for v, € {1,2,---,m,} if he survives in period k. We use Uy to denote the random variable with range vj, €

{1,2,---,m,} and corresponding probabilities {p,%, PR+, Py "} The discount factor is embodied in the

utility function.
The consumer maximizes his expected inter-temporal utility
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= Eopppmor{ W P00 +Th,vr Sh, Tk, ok olu P () )
subject to the budget constraint characterized by the wealth dynamics
Wierr = Wie = Zpk piexit +r(Wie = 305, pitxkt) + Yeqn, wy = wy.
The dynamic Slutsky equation of the above stochastic inter-temporal utility problem is formulated as:
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References: D.W.K. Yeung: Dynamic Consumer Theory — A Premier Treatise with Stochastic Dynamic
Slutsky Equations, Nova Science Publishers, New York, 2015.
D.W.K. Yeung: Random Horizon Stocahstic dynamic Slutsky Equation under Preference Uncertainty,
Applied Mathematical Sciences, Vol. 8, 2014, pp.7311-7340.
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C15. Dynamic Slutsky Equation under Stochastic Income and Preferences

Consider the consumer problem in which the consumer maximizes his expected inter-temporal utility
k(vk)
592,93,~-~,0T{ Yk=1 ZL’}(" AR T € }

k
_ E62,63,~~,6T{ ul(l)(xl) + Zk=2 Z;nkk 1pkk 6{‘ (vk)(x ) }
subject to the budget constraint characterized by the wealth dynamic
Wiyr = Wy — Zh 1kak + T(Wk Ve 1pkxk) + k1, Wy =wy,
where 6, is the random income that the consumer will receive in period k.
The dynamic Slutsky equation of the above stochastic inter-temporal utility is formulated as:
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C16. Dynamic Slutsky Equation under Stochastic Income, Life-span
and Preferences

Consider the consumer problem in which the consumer’s future income, preferences and life span are not
known with certainty. The consumer maximizes his expected inter-temporal utility

7 k(vg)
E92,93,~~,07{ Y1V het vakklpkk Stu % (x) }

k(i)
= Egypm0r | WO +T0,v2 3k, Tk o s ),
subject to the budget constraint characterized by the wealth dynamics

Wipr = Wy — Zh 1kak + T(Wk - 221;1 P}ilx}}cl) + Okt1, wy =W
The dynamic Slutsky equation of the above stochastic inter-temporal utility problem is formulated as:
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D. Number Theory

D1. The Number of Embedded Coalitions

Let N = {1,2,---,n} be a finite set of n players in a n —person game. The subsets of N are coalitions. A
partition Ais formed by disjoint non-empty subsets of N representing a way that these n players are joined.
Given a partition Aand a coalition S < N, the pair (S, A) is called an embedded coalition, that is the
coalition S embedded in partition A. The Bell (1934) number, denoted by g(n), gives the number of
partitions in a n —person game. The number of embedded coalitions in a partition is the number of subsets
formed in that partition. The total number of embedded coalitions Y (n) in a n —person game is the sum
of the numbers of embedded coalitions in the g (n) partitions of N.

The number of embedded coalitions in a n -person game is:

r() =3 (;)=(y) =1 forn = 1;
@=-3() =)+ ()=5 oz
v =51 (1) @i vt + 315 (1), forn =23, .

References: D.W.K. Yeung: Recursive Sequences ldentifying the Number of Embedded Coalitions,
International Game Theory Review, Vol. 10(1), 2008, pp.129-136.
E. T. Bell [1934] Exponential numbers, American Mathematical Monthly 41, 411-419, 1934.

D2. The Number of Embedded Coalitions where the Position
of the Individual Player Counts
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The number of embedded coalitions in a n -person game where the position of the individual player counts
is:

¢.(1) =1Y¢, (i) =1, forn =1;
$(2) = 2% (f) =6, forn = 2;
¢(n) =n! [ 1 (7;)( 12;11%) + ynd (?) ], forn = 3. n

References: D.W.K. Yeung, E.L.H. Ku and P.M. Yeung: A Recursive Sequence for the Number of
Positioned Partitions, International Journal of Algebra, Vol. 2, 2008, pp.181-185.

E. Probability Density Functions

E1. Stationary Probability Density Function of the Stochastic Lotka-Volterra-Yeung Food-chain

The function
-2 -2b
o(N) =Wexp( J—2b1N1+b1 )exp( ;ic1N2+cz )

—2by i Cj-2
X [Tzexp|—==]lics=c;_{ N; + c;_
Hl—3 p o2 by H]—S ¢ i—114Y i—-1
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2 2 by 2by i 2=z,
szlNozbzzz " N0'2b2 [j=3 b; i 1
x Ny 2 i=3 i M, N;

gives the stationary probability density of species N;, N,, ..., N, of the stochastic Lotka-Volterra-Yeung
food-chain:

dN,(t) = [a1 —byN;,(t) — C1(N2(t))]N1(t)dt + oN,(t)dz(t),
dN;(t) = [—a; + bi(N;_1(£)) — ;N1 (DN (D,

fori =2,3,--,n—1,
dNn(t) = [_an + bnNn—l(t)]Nn(t)dt,

where N;(t) is the population level of the species in the it trophic level at time t; z(t) is a standard
Wiener process, o, a; and b; for i € [1,2,3,--,n] and ¢; for i € [1,2,3,---,n — 1] are positive constant;
and z,, z,, -+, z, satisfies:

1
7z +z,=a,—50%

b
_b_221 +Z3 = —ay,
1
b
_C_322 +Z4_ = _a3,
1
b,
—2z3 + 25 = —ay,
C2
bn—1 _
—- Zn-2 +z,=—a,_1.
n-3

References: D.W.K. Yeung: Exact Solutions for Steady-State Probability Distribution of a Simple
Stochastic Lotka Volterra Food Chain. Stochastic Analysis and Applications, Vol. VI, 1988, pp. 103-116.
D.W.K. Yeung: Optimal Management of Replenishable Resources in a Predator-Prey System with
Randomly Fluctuating Population. Mathematical Biosciences, Vol. 78, 1986, pp. 91-105.

E2. Stationary Probability Density Function of Generalized Stochastic Food-chain of the
Lotka-Volterra-Yeung Type

The function
n[1[[24; In N;—2F;(In N)+2F;(0)]/6? ] 1

YW =mIl, NP
gives the stationary probability density of species N;, N,, ..., N, of the generalized Lotka-Volterra-
Yeung type of stochastic food-chain:

dN,(t) = [a1N1(t) - b1N1(t)f1(N1(t)) - 1711\’1(t)fz(1\/2 (t))]dt + U\/b_1N1(t)dZ(t),

AN, () = [azNy (1) — by No () f(No () — v N, (8) f3(N3(2))
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+, N (8) fi (N, () ]dt + 0/b, N, ()dz(0),
dN3(t) = [azN3(t) — b3N3 () f3(N3(t)) — v3N3(£) fo (N, ()
+v, N3 (D) f> (Ng(t))]dt + UJb_;Ns (®)dz(),

dNn—l(t) = [an—an—l(t) - bn—an—l(t)fn—l(Nn—l(t)) - vn—an—l(t)fn(Nn(t))

+vn—2Nn—1(t)fn—2(Nn—2 (t))]dt to bn—an—l(t)dZ(t)l
dNn(t) = [anNn(t) - bnNn(t)fn(Nn(t)) + vn—an(t)fn—l(Nn—l(t))]dt
+0./b, N, (t)dz(t),

where N;(t) is the population level of the species in the it" trophic level at time ¢;

v; fori € [1,2,---,n — 1] are positive constants, b; is positive and b; for i € [2,3,-:-,n] are nonnegative

constants;

a, >0, and a; for i € [2,3,---,n] are constants with a; being positive when b; > 0 and negative when

b; = 0,

fil(O) =0 and f;(N;) > 0 for positive values of N;, and f;(N;) is a continuous differentiable and

monotonically increasing in N;, and f;(e®) is an integrable function yielding foxifi(es)ds =F;(x;) —

F;(0),fori=1, 2, ..., n;

and

Ay, Ay, -+, A, satisfies

bA +V,A, = a; —2byo?,

—vA; + byA; +v,45 = a; — %bzaz,

_VZAZ + b3A3 + V3A4 = a3z — %b30’2,

— 1 2
—Un-28n2+ bp14n 1 +Vn 14y = A1 — Ebn—la |

1 2
—Vp_14n_1 + b A, = a, — gan W p.

References: D.W.K. Yeung: An Explicit Density Function for a Generalized Stochastic Food-chain of the
Lotka-Volterra-Yeung Type, Stochastic Analysis and Applications, Vol. 27, 2009, pp.16-23.
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